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Introduction. In previous papers by the author (Dilworth [l, 2])(2) meth-

ods were developed for studying the arithmetical properties of Birkhoff lattices,

that is, the properties of irreducibles and decompositions into irreducibles.

These methods, however, required the assumption of both the ascending and

descending chain conditions. In this paper we give a new technique which is

applicable in general and which under the assumption of merely the ascending

chain condition gives results quite as good as those of the previous work. Now

the descending chain condition is equivalent to the requirement that every

ideal(3) be principal. Hence if the descending chain condition does not hold

we find it convenient to relate the arithmetical properties of the lattice to the

structure of its lattice of ideals. Furthermore since the Birkhoff condition it-

self may lose much of its force if the descending chain condition does not hold,

a lattice is defined to be a Birkhoff lattice if every element satisfies the Birk-

hoff condition (4) in the lattice of ideals. Hence if the descending chain con-

dition holds, this definition reduces to that used in the previous papers. In

the lattice of ideals, the existence of sufficient covering ideals to make the

Birkhoff conditions effective can be proved.

In Dl and D2 it was shown that the arithmetical behavior of an element a

was closely related to the structure of the quotient lattice ©a generated by

the elements covering a. Here we make a similar correlation with the struc-

ture of the quotient lattice of ideals 2a generated by the ideals covering a.

The important properties of ©a follow from its finite dimensionality. 80 on

the other hand is in general not finite dimensional and thus one of the essen-

tial problems of the present treatment is the proof of the archimedean char-

acter of 2a in the cases of interest.

If the descending chain condition holds, the Birkhoff condition is equiva-

lent to Mac Lane's point-free exchange axiom E6 (Mac Lane [l]). Now E5 is

independent of covering conditions, which suggests that it should be closely

related to the Birkhoff condition in the lattice of ideals. We show that the

Birkhoff condition in the lattice of ideals always implies E5 and, if each prin-

cipal ideal is covered by only a finite number of ideals, the two conditions

are equivalent.

Presented to the Society, December 27, 1939; received by the editors May 11, 1940.

(L) Sterling Research Fellow, Yale University.

(2) These papers will be referred to as Dl and D2.

(3) An ideal is a sublattice which contains with each element all of its divisors. G. Birkhoff

(Birkhoff [l]) uses the term dual ideal for such a sublattice.

(4) See § 1, Conditions B1 and B1'.

325



326 R. P. DILWORTH [May

In Dl it was shown that a lattice of finite dimensions has unique irreduci-

ble decompositions if and only if it is a Birkhoff lattice in which every modular

sublattice is distributive. This result no longer holds if we drop the descending

chain condition as we show by an example. However, by strengthening

slightly the condition that every modular sublattice be distributive, we have

the following theorem:

Theorem 6.6. Let © satisfy the ascending chain condition. Then every ele-

ment of © is uniquely expressible as a reduced crosscut of irreducibles if and only

if the following conditions hold.

E5. (Mac Lane's point-free exchange axiom.) aZ)b^>a(~\c, c^af^c implies

that Cxr^aC\c exists such that cZ)ciZ)a,r\c and & = aP\(Z)Uci).

A. aVJb^x^aC^b, ar\x = b(~\x = aC\b implies x=aC\b.

If we go over to the lattice of ideals, E8 may be replaced by the condition

that © be a Birkhoff lattice, and A, by the requirement that the ideals cover-

ing a principal ideal generate a Boolean algebra.

In D2, Birkhoff lattices in which the number of components in the irre-

ducible decompositions of each element is unique were characterized in terms

of the structure of the quotient lattices ©„. We prove here:

Theorem 5.1. Let © be a Birkhoff lattice satisfying the ascending chain con-

dition and let 8 denote its lattice of ideals. Then the number of components in the

irreducible decompositions of each element of the lattice © is unique if and only if

the ideals covering any principal ideal of the lattice ? generate a dense, modular

sublattice of

By means of ideal methods we give a new proof of the Kurosch-Ore de-

composition theorem for modular lattices in its most general form. The proof

rests on the fact that if an element of a modular lattice has a decomposition

into irreducibles then the sublattice generated by the ideals covering the ele-

ment is of finite dimensions.

Finally §§7 and 8 contain examples which show the complications which

may arise when the descending chain condition does not hold.

1. Notation and definitions. The fixed lattice of elements a, b, c, ■ ■ ■ will

be denoted by @. W and C\ will denote union and cross-cut in place of the

symbols (,) and [, ] used in Dl and D2. Z) denotes lattice division. a = b is

defined by the two formulas aZ)b, b^)a. If a~Z)b, a^b and aZ)xZ)b implies

a = x or x = b, we say that a covers b and write a>b. Elements which cover the

null element z of a lattice are called points and elements covered by the unit

element u are said to be simple.

A lattice © satisfies the ascending (descending) chain condition if every

chain fliC^C^C ' ' ■ (^O^O^D " • • ) has only a finite number of dis-

tinct elements. If both the ascending and descending chain conditions hold,

© is said to be archimedean or of finite dimensions.
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Throughout the paper we shall be particularly interested in lattices which

satisfy the following weak form of the modular axiom.

Bl. a>ar\b->a\Jb>b($).

Another form of Bl is the following:

Bl'. b>a, c3a, c^)b-^b\Jc>c.

If Bl' is satisfied for a given a and any b and c we say that a satisfies the

Birkhoff condition in @. Hence Bl holds in @ if and only if each element of ©

satisfies the Birkhoff condition.

We state now some lemmas on elements satisfying the Birkhoff condition

which are refinements of Lemmas 3.1-3.3 of D2.

Lemma 1.1. Let a satisfy the Birhoff condition in © and let ai, ■ ■ ■ , ak>a.

Then each union independent^) set of the at is contained in a maximal inde-

pendent set.

The usual proof is valid under the weaker hypotheses of the lemma.

Lemma 1.2. Let a satisfy the Birkhoff condition and let ai, • • • , ak>a. Then

each union independent set of the ai generates a Boolean algebra.

We note that the usual proof (for example Theorem 2.3 of Dl) is not valid

in this case since it depends upon the existence of a rank function. Under the

hypotheses of the lemma, complete chains need not have the same length and

hence a rank function will in general not exist.

Now let A and B be two arbitrary subsets of the set {ai, ■ ■ ■ , a*}. Let

S(/l) denote the union of the elements of A and denote the set-theoretic union

and cross-cut of A and B by AVJB and Af~\B respectively. We shall show that

(1) 2(4)ri2(5) = 2(A C\ B).

Let p(A) denote the number of elements in A and set v(A) =k— fJt(A). If

p(AC\B)=0, then n(AC\B)=k and A=B. Hence (1) holds. If v{AC\B) = \,
then either AZ)B or B^)A and again (1) holds. Now let (1) hold for all A

and B such that v{AC^B)<l. Let v(Ar\B)=l for some A and B. Then

n(A C\B) — k — l — r. Hence A = {ai, • • • , ar, ar+i, ■ • ■ , as} and B = {a\, ■ ■ ■ ,

aT, ar+i, ■ ■ ■ , a't\. Since (1) is trivial if BZ)A, we may assume that s>r. Let

B'= {ai, • • • , ar, ar+i, a/+i, • • • , a! }. Now n(Ar\B') =r-\-\ and hence

v(Ar\B')=k-(r + l)=l-Kl. By the induction assumption 2(4^5')

= S(i)n2(B')- Thus 2(4n5') = 2(i)n2(5')D2(4)n2(£)D2(4n5).

(6) —> denotes formal implication.

(6) A set of elements X\, • • ■ , X» is said to be union independent or simply independent if

XiU ■ ■ -^Jxi-KJxi+^J ■ ■ - VJx„~\)Xi, i=l, • ■ ■ , n. Similarly the set is said tobe cross-cut in-

dependent if Xi~\)xi(~\ • ■ ■ r\xi-i(~\xi+iC\ ■ ■ ■ r\xn, *«!,•••,».
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Since ffii, • • ■ , ak are independent we have 2(-4P\2?)35ar+i and hence

2(4fYB')=ar+iW2(4r\B)> 2(402?). If 2(402?') = 2(4)02(2?), then
S(5)D«r+i contrary to the independence of Oj, • • • , a*. Hence 2(.4)02(2?)

= 2(402?). Thus (1) holds for p(402?) =/ and by induction (1) holds for all
4 and 2?. Clearly 2(4)W2(2?) = 2(4\JB). If 2(4) = 2(2?), then 4 =2? by the
independence of Oi, • • • , a*. Hence the elements which can be expressed as

a union of the a,i are isomorphic to the subsets of a\, ■ ■ ■ , ak under union and

cross-cut and thus Oi, • • ■ , a* generate a Boolean algebra. This completes the

proof of the lemma.

Lemma 1.3. Let a satisfy the Birkhoff condition and let a%, • • ■ , ak>a. Then

any two maximal union independent sets of the ai have the same number of ele-

ments and any element of one set may be replaced by a suitably chosen element

of the other without altering the maximal property.

The usual proof is valid in this case.

Lemma 1.4. Let a satisfy the Birkhoff condition and let at, • • • , ak>a. Then

any chain joining a\U ■ • • yjak to a has not more than k + l distinct members.

We may clearly suppose that ai, ■ ■ ■ , ak are independent. Let a = b0(Zbi

C&2C • • • CLbi~i(Zbi = a\U ■ ■ ■ yJak be a chain joining a\U ■ ■ ■ V)ak to a

having Z+l distinct members and let us assume that l>k. Clearly bo<bc\Jai

< ■ <b0VJaiU ■ ■ ■ VJak-i<ai\J ■ ■ ■ \Jak by the Birkhoff condition. Now

suppose that it has been shown that aC&iC ■ • • (Zbi<biKJai< ■ ■ ■ <bi\Jai

KJ ■ ■ • Watj_i<aiVJ • • • Uaj where ki^k—i and i<k. Consider the chain

a(3iC ' ' ■ CbiCbi+iCbi+i^JaiC ■ • ■ Gh+AJa^ ■ ■ ■ VJaki-,(ZaAJ ■ ■ \Jak.
Let us assume that all of the members of this chain are distinct. If

biUa^U ■ ■ • \Jaki-\X)bi+i, then aiU ■ ■ ■ WaOe.'+iWaiW • 1 ■ Wa^-O&.-Uai
\J ■ ■ ■ Uatj_i and fti+iUaiU • • ■ \Jaki-i7^biUai\J ■ ■ ■ \Jaki~i. But aiW ■ • •

KJak>bi\Jaj\J ■ ■ ■ yJaki-i and hence ai*U ■ ■ ■ ̂ Jak=bi+iKJaiyJ ■ ■ ■ ̂ Jaki-i

contrary to our assumption. Thus bi\Ja\U ■ ■ ■ Wa^-O^t+i- If biUa\\J ■ ■ ■

^Jaki-2^)bi+i, we have ■ ■ • Uat.—O&i+iUaiW • ■ • \Jaki-2^)bi\Jai

U • • • Uat,_2. But bi^Uai^J ■ ■ ■ \Jaki^i>biyJai{U ■ ■ ■ yJaki^2 and hence

biUaiU ■ ■ ■ Us= bi+\\Ja\U • • ■ \Jaki-i contrary to our assumption.

Thus biVJaiKJ ■ ■ ■ \Jaki-iZ)bi+i. Continuing in this manner we eventually

have &iUaO&»+i. But then bi\JaiZ)bi+i1)bi and bi+i^bi. Hence bi+\ = biUai

= bi+i<Jai which contradicts our assumption. We conclude, then, that at least

two members of the above chain are equal. Thus (renumbering the a's if

necessary) using the Birkhoff condition we have OjC^iC • ■ ■ C&tC^i+i <&>+i

Wai< • ■ • <bi+iVJaiU ■ ■ ■ VJaki+l_i<ai\J ■ ■ ■ Wa^ where ki+tSki — \^k

— (i+1). By induction, we get a = &o<3iC ■ ■ • C.br-i<aAJ ■ ■ ■ Ua* where

r^k. But then &r = OiU • • • ^Jak and hence r = 1 which contradicts l>k. Thus

1= k and the lemma follows.
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The dual of condition Bl is the condition

B2. aVJb>b-^>a>aC\b.

G. Birkhoff (Birkhoff [2]) has proved the following lemma which relates

Bl and B2 to modularity.

Lemma 1.5. An archimedean lattice © is modular if and only if Bl and B2

are satisfied.

2. Lattice ideals. A sublattice a of © is said to be an ideal if xDa, a6(t

implies x£a. If a consists of all elements x such that xZ)a for a fixed a, then a

is said to be a principal ideal and we write a = (a). Now suppose that © satis-

fies the descending chain condition. Then the set of elements in a has a cross-

cut which can be expressed as a cross-cut of a finite number of them and hence

belongs to a. Thus a consists of all divisors of a fixed element of © and hence

is principal. Conversely, if every ideal of © is principal, then a descending

chain aOaO ■ ■ ■ generates an ideal a which consists of all x such that

x~2>ak for some k. But then a = (a) and cOa* for some k. Hence a=ak

= ak+i= • • • and every descending chain has only a finite number of dis-

tinct elements. We thus have

Lemma 2.1. © satisfies the descending chain condition if and only if every

ideal is principal.

The set of ideals of © will be denoted by 8.

Definition 2.1. The union a^Jb of two ideals a and b is the set of all ele-

ments x such that xZ)a*Ub for some a£u and &£b. Similarly the cross-cut ctPib

is the set of all elements y such that y^)aC\b for some a£a and b(£b.

It is readily verified that the union and cross-cut so defined are ideals and

that 8 is a lattice under these operations. The union aWb is simply the set-

theoretic cross-cut of a and f>.

The definition of cross-cut may be readily extended to any subset 5 of 8.

11(5) consists of all elements of © which belong to the cross-cut of a finite

number of ideals of S. If © has a unit element u, the union 2(S) is also defined

and is simply the set-theoretic cross-cut of the ideals of 5.

If a and f) are principal ideals a=(a) and b = (b), then by Definition 2.1

aVJb = (a\Jb) and ar^b = (aC\b). Hence the set of principal ideals forms a sub-

lattice of 8 which is isomorphic to © and we may thus consider © as a sub-

lattice of 8.

Lemma 2.2. 8 is a modular (distributive) if and only if © is modular (dis-

tributive) .

Since © is a sublattice of 8, the modularity (distributivity) of 8 implies

the modularity (distributivity) of ©.
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Now let © be distributive and let xGaW(bP\c). Then x^>a\J(br\c) where

a£a, &Gb and cGc by Definition 2.1. But then JcDaU(6Hc) D(aUÄ)H(aUc)

since © is distributive and hence x^{a\Jb)r\(a\Jc). Thus aVJ(bPic)D(uWb)

H(aUc). But (aWb)r\(aWc)DaU(bnc) trivially. Hence 8 is distributive.

Now let © be modular. Suppose Ob and xGbW(anc). Then :0&W(anc)

where a Get, 6Gb and cG c by Definition 2.1. Now since cOb we have a-D^i

where friGb. But then xZ)(br\bj)^J(ar\c) and aZ)bC\bi where ftiH&Gb. Hence

xDan((Z?P\61)Uc) since © is modular and x£an(b.VJc). Thus bU(dPic)

3aH(bUc) and since aP\(b^c)DbVJ(aP\c) trivially, 8 is modular. This com-

pletes the proof.

Lemma 2.3. Let <ObD • • • DuD • • • be a chain of ideals such that uZ)(a)

and u^(a) for all ideals of the chain. Then if p is the cross-cut of the ideals of the

chain, pD(a) and p (a).

We note that p is the set-theoretic union of the elements of the ideals

a, b, • ■ • , U, • ■ ■ . For if xGp, then x divides a finite cross-cut of the ideals of

the chain and hence divides some ideal of the chain. Now suppose p —a. Then

aGp and a£u for some u. But then u = (a) contrary to assumption. Hence

p^a.

The results so far have been independent of the well ordering hypothesis.

However, to prove the fundamental property of the ideals we must assume

that the elements of © can be well ordered. This will be assumed through the

remainder of the paper.

Theorem 2.1. Let bD(a) and b^(a). Then there exists an ideal p such that

b3p>(a).

Proof. Let U be the set of all elements x such that xZ)a. Let U be well

ordered, U=\xv\,v<a. Define a0 = b. Now suppose that a„has been defined

for all p<v in such a way that aM?^(a), a^Due' if and aMP\x(l = aM or

atir\xll = a. Let c, be the cross-cut of all aß with p<i>. Then (a) by Lemma

2.3. If c,r\x,^{a), let a„=c,Pix„; otherwise let a,= c,. Then av5*(a) and

aOa". au n<v- Clearly avC\xv = a or u„. Now let p = IL<(ra,.. Then p^a by

Lemma 2.3 and bDp. If pDO(a) and p5^u, there exists an element xG«

such that x£p. Since xDa we have x=x„ for some v. But then u„P\x=a since

otherwise xOaOP which contradicts x£p. Thus a = fcH^DpHa = aDa and

a = (a). Hence p>a.

In the special instances of Boolean algebras and distributive lattices,

Theorem 2.1 gives respectively the existence of the prime ideals of Stone

(Stone [l]) and the maximal collections of Wallman (Wallman [l]).

We next prove a theorem which enables us to pass from ideal relations to

the corresponding element relations. The following lemma is required.

Lemma 2.4. Let a = u(cti, • ■ • , a„) be an ideal obtained from the ideals
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tti, • • • , On by forming a finite number of unions and cross-cuts. Then if x£a,

there exist elements au ■ ■ ■ , an, a»G"i> such that xl)a(ai, • ■ • , an).

For let n(a) denote the number of union and cross-cut symbols in the ex-

pression a(oi, ■ • • , o„). Suppose that the lemma is true for all expressions a

for which n(a) <k. Let n(a) = k. Then a = ai o 02 where o is either C\ or\J and

w(Oi) <k, »(02) <k. Now if xGa we have xDxi o x2 where XiGtti and X2G02 by

the definition of union and cross-cut. But then by the induction assumption

elements a(, • ■ • , al and a[', • ■ • , a" exist such that xO0i(ai , • • • , o„'),

xO 02(^1 , ■ • • , a"). Let ai=a' r\a'i'. Then xl)xi o x2Dui(ai , • • • , a„')

o a2(a{ , • • • , a„")Doi(ai, • • • , a„) o a2(ai, • ■ ■ , aB)=o(ci, • • • , a„) and a,-is

clearly in a;. Since the lemma is trivially true when n(a) = 1 by Definition 2.1,

the proof is complete.

Theorem 2.2. Let (a) = a(oi, • • ■ , a„) where 0 is obtained from Oi, • • ■ , a„

by forming a finite number of union and cross-cuts. Then (a) = a(ai, • • • , a»)

where a»Gcti-

Proof. By Lemma 2.4 aDu(ai, • • • , an) where öiGa.'- But then

ctfffli, ■ • ■ , a„)Da(ai, • • • , a„) = (a). Hence (a)=a(au >■•,&„).

As an example, if a = ai/^\ ■ ■ ■ C\an then elements a,-£cti exist such that

a = ai(~\ • ■ ■ C\an.

We conclude this section with two useful lemmas on irreducibles(7).

Lemma 2.5. If q is irreducible in ©, then q is irreducible in ?.

For if q is reducible in 2, then q = af~\b, a, b^q. But then q = aC\b, «Gct,

&Gf> by Theorem 2.2. Clearly a^q and b^q. Hence q is reducible in ©. In-

verting the logic gives the lemma.

Lemma 2.6. Let every element of © be expressible as a cross-cut of irreducibles.

Then if a 3 b, a 5^ b, there exists an irreducible oof® such that q~Z) b, g ~\) a.

For since a^b, b exists such that 6 Gb, &£"• Let b = qi(~\ ■ • • (~\qk. If

fltGo for every i then 6Ga contrary to assumption. Hence qi(£a for some i.

But then o.OO&.
3. Birkhoff lattices. In Dl and D2 a lattice satisfying Bl was defined to

be a Birkhoff lattice. Since both the ascending and descending chain condi-

tions were assumed to hold, Bl was never satisfied trivially. Now in a suffi-

ciently general lattice no covering relations may exist and Bl will hold vacu-

ously. Hence we formulate a more general definition which reduces to that

used in Dl and D2 if the descending chain condition holds.

Definition 3.1. A lattice © is said to be a Birkhoff lattice if each element

of @ satisfies the Birkhoff condition in the lattice of ideals.

(') An element q is said to be cross-cut irreducible or simply irreducible if q = a(~\b—>q = a or

g = b. q is said to be union irreducible if q — ayjb—>q = a or q = b.
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A lattice © is never vacuously a Birkhoff lattice since by Theorem 2.1

covering ideals always exist. Furthermore if the descending chain condition

holds, then every ideal is principal and © is a Birkhoff lattice if and only if

Bl holds in ©.

Now if © has a unit element u and a is any element of ©, then the union

of the ideals covering a exists and will be denoted by Ua. Let 2a denote the

quotient lattice of all ideals of 2 which are divisible by u„ and which divide a.

Then 2a is a dense sublattice of 2 and every proper divisor of a in 2 divides

some point ideal of 2a by Theorem 2.1. Clearly 2„ reduces to the sublattice ©„

of the previous papers if the descending chain condition holds. The essential

properties of ©a followed from its finite dimensionality. But 2a is in general

not finite dimensional. However we now prove a theorem which insures the

archimedean character of 2a in most cases of arithmetical interest. We need

the following lemma:

Lemma 3.1. Let © be a Birkhoff lattice. Then if pi, •■■ , pk is a maximal

independent set of point ideals of 2a, the length of any chain of 2a is not greater

than k.

Since the length of any chain is one less than the number of distinct mem-

bers of the chain, the lemma follows immediately from Lemma 1.4 and Defini-

tion 3.1.

According to Lemma 3.1, 2a is archimedean if and only if ua can be ex-

pressed as a union of a finite number of point ideals of 2a-

Theorem 3.1. Let © be a Birkhoff lattice in which every element may be

represented as a cross-cut of irreducibles. Then 2a is archimedean if and only if

the number of components in the irreducible decompositions of a is bounded.

Proof. Let the number of components in the irreducible decompositions

of a be bounded, say less than n. Then if 2a is not archimedean, by Lemmas

1.2 and 3.1 there are n union independent point ideals pi, • ■ • , p„ of 2a which

generate a Boolean algebra. Let cti = piW • ■ • Wp<_iWpi+iW • • • Wp„. Then

a = aif\ ■ ■ ■ r\an- Hence by Theorem 2.2 a = aif^ ■ ■ ■ C\an where a,£u^ Now

let ai = qiiC\ ■ ■ ■ Pig,*, where qn, ■ ■ ■■ , are irreducibles of @. Then

a = qnr\q^r\ ■ ■ ■ t^qnkn and this representation may be reduced(8) by drop-

ping our superfluous irreducibles. However not all of the irreducibles belong-

ing to any one <Zj may be dropped out since otherwise a = qnC\ ■ ■ ■ r\qnkn

DfliH • • • r\ai-iC\ai+ir\ ■ ■ ■ PiflnDa^ • • • nui-xPiui+iPi • • • f"\a„Z>pi

contrary to pi>a. Hence a has a decomposition having at least n components.

But this contradicts our assumption that the number of components is less

than n. Hence 2a is archimedean and of length less than n.

On the other hand let the number of components be unbounded. Then for

(8) A representation a = air\a%r\ ■ ■ • r*\an is said to be reduced if cti, • • • , o» are cross-cut

independent.
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every k there is an irreducible decomposition a = q\.f~\ ■ ■ • C\qn with n^k.

Let ql =q\C\ ■ ■ ■ r\qi-\C\qi+\C\ ■ ■ ■ Hg„. Then q[ Z)a and q' 9^a since the

representation is reduced. Hence g/Dpi>a by Theorem 2.1. Suppose

piU • • • Up^Upi+iW • ■ • VJpOp,-. Then fOtfU ■ • • Ug/_tUff/«VJ . . .
^g* Dpi^1 ■ ■ • Wpi_iWp,+iW • • ■ Wp„Dpi and a = qiC\qi 3p< which contra-

dicts pi>a. Thus pi, • • • , p„ are union independent. Hence for every k there

are more than k union independent point ideals of 2a and 2a is not archi-

medean.

If 2a is archimedean it has some simple structure properties which follow

from the Birkhoff condition.

Theorem 3.2. Let & be a Birkhoff lattice. Then if 2a is archimedean, it is

complemented and every ideal can be expressed as a cross-cut of simple ideals.

Proof. Let a£S0 and let pi, • • • , p* be a maximal independent set of point

ideals of 2a divisible by a. Imbed pi, • • • , p* in a maximal independent set

pi, • • • , p„. Let a'=pi+iU • • • Wpn. Then aWa'Dpi^ ■ • • ^pnDua- Hence

aUa' = ua. Now suppose that aPia'^a. Then aC\a'Z)p>a by Theorem 2.1.

Since a Dp we have pAJ • • • WpOp by the maximal property of pi, • • • , p*

and a = (piW • • • Upt)r\a'Dp, which contradicts p>a. Hence af~\a'=a and

2a is complemented.

Now let q be irreducible in 2a- Let pi, ■ • • , p* be a maximal independent

set of point ideals of 2a divisible by q and let this set be imbedded in a maxi-

mal independent set pi, • • • , p*, • • • , p„. Then q3)pA+i, • • • , pn and hence

qWpi>q, i = k + l, ■ ■ ■ , n, by Bl'. But since q is irreducible in 2a we have

qVJp4+i= • • • =qVJpn. Hence ua = qWua = qUp^+iU • • • WqWp„ = qWp4+i

> q. Thus each ideal which is irreducible in 2a is a simple ideal of 2a and since

2a is archimedean each ideal of 2a can be represented as a cross-cut of simple

ideals.

If 2a is not archimedean it will in general neither be complemented nor

will every ideal be expressible as a cross-cut of simple ideals(9). In the archi-

medean case an arbitrary complement of a in 2a will be denoted by a'.

Definition 3.2. An ideal c^ua of 2a is said to be characteristic if there exists

an irreducible go/© which divides exactly the same point ideals of 2 a as c.

Theorem 3.3. An element a £© has a reduced representation a = qif~\ ■ ■ • P\g„

where gi, • • • , qn are irreducibles if and only if a has a reduced representation

a=dC\ ■ ■ ■ C\cn where c„ are characteristic ideals of'2a such that gOCi.

Proof. Let a = q\(~\ ■ ■ ■ C\qn be a reduced representation of a as a cross-cut

of irreducibles. If g.Ou,, for some i, then q\f~\ ■ ■ ■ r^qi^if^qi+1r\ ■ ■ ■ f^gOpi

>a and hence a=qif~\ ■ ■ ■ C\qn'Dpi>a, which is impossible. Thus g,H)u0. Let

c< be a characteristic ideal associated with g,-. There is always at least one

(9) See §7 for an example.
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such ideal, namely, the union of the point ideals of 8„ divisible by g<.

Now a = qiC\ ■ ■ ■ AgOciA ■ ■ • r^c„~)a implies a=Cif~\ ■ ■ ■ C\cn- Suppose

cOCiA ■ ■ ■ nCf-iHCi+in ■ • • Pic,. Then g*tA • • • Hgi-iAgi+iA • ■ ■ f\qn

Dp;>a implies CiH • • • ^Ci-iHCi+iH • • • HcOp;- But then a=CiAci

C\ • • • A C-iA Ci+iP\ ■ • • P\c„Dpi which is impossible. Hence the representa-

tion a = Cif~\ • • • C\ Cn is reduced.

Now let a = CiA • ■ • f~\ Cn where Ci, • • • , C„ are characteristic ideals and

the representation is reduced. Let gi, • • • , g„ be associated irreducibles. Sup-

pose qiH\ ■ ■ ■ f}qnZ)p>a. Then a=CiC\ ■ ■ ■ PicDpa which is impossible.

Hence a = q\C~\ ■ ■ ■ C\qn. It follows easily that this representation is reduced.

The characteristic ideals of 80 can be characterized in terms of the struc-

ture of 8 as follows:

Theorem 3.4. Let © be a Birkhoff lattice in which each element can be ex-

pressed as a cross-cut of irreducibles. Then if%a is archimedean, c is characteristic

if and only if there exists an ideal r£8 such that Oc, c'Wr>r and cT\% = a

for every c'.

Proof. Let us first assume that such an ideal r exists. Then u0W;= cVJ c'Wr

= c'Wf. Let q be an irreducible such that gDj, g3)ll„Wr (Lemma 2.6). Since

gDO c, q divides every point ideal of S0 which c divides. Now let gDP- Then

if r£p we have c'Uf = uaWrDpWrI)r and pUr^r. Hence c'Uf = pUf and

gDpWO c'Wf which contradicts the definition of q. Hence Op. Now if c!£>P,

then cOp for some c'. But then a = c'P\OP which is impossible. Hence gOp

implies Op and c is thus characteristic.

On the other hand let c be characteristic and let g be an irreducible asso-

ciated with c. Then qVJ c' >g for every c'. For there is a point ideal p such that

c'Dp, c!j)p since otherwise we would have c'=a and C = ua contrary to the

definition of a characteristic ideal. Now gWp=gUua>g since q is irreducible

in 2 by Lemma 2.5. Hence gUua = gWc' = gUp>g. Now if c'Ho^o, then

c'ngDp>a and hence cOp, gDP by Theorem 2.2. But then Op and hence

a = cHc'Dp which is impossible. Thus c'C\q=a for every c'.

Corollary 3.1. Each simple ideal of 2a is characteristic.

We may take r to be the simple ideal itself.

Theorem 3.5. Let © be a Birkhoff lattice in which each element can be ex-

pressed as a cross-cut of irreducibles. Then if 2 a is archimedean, each characteris-

tic ideal c of 8„ occurs in a reduced representation a = (.C\ziC\ • • • Ac* where k

is the number of maximal independent point ideals divisible by c and Ci, • ■ • , Ci

are characteristic ideals of £„•

Proof. Let pi, • • • , p* be a maximal independent set of point ideals of 2a di-

visible by c. Imbed pi, • • •, pt in a maximal independent set pi, •' • •, p&, • • ■, pn-

Let Ci = pAJ ■ • • Upi_iUpi+iU ■ • • UpiU ■ ■ ■ Wp„, i = \, ■ ■ ■ , k. If cPici
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A ■ • • Acs^a we have cAciA • • • AcOp>« and Op implies ptU ■ ■ •

WpOp- But then a = (piU ■ ■ ■ VJp,t)AciA ■ ■ ■ PcOp which is impossible.

Hence a = c A Ci A •••Ac*. Also since cA &A • • ■ A C;_iA c,+iA • • • A c*

Dpi the representation is reduced. Since Ci, ■ • • , C* are simple ideals of 2a,

they are characteristic by Corollary 3.1.

Corollary 3.2. Let © be a Birkhoff lattice in which every element can be

expressed as a cross-cut of irreducibles. Then if 2a is archimedean of length k,

a has a reduced decomposition into irreducibles with k components.

For by Lemma 1.2 and Theorem 3.4, a has a reduced representation as

a cross-cut of k characteristic ideals of 80-

Lemma 3.2. Let © be a Birkhoff lattice and let 2a be archimedean for some a.

Then 2ais modular if and only if it satisfies B2.

For let 8„ satisfy B2 and let q be a union irreducible ideal of 8a. If 3j)q

and 3 is a simple ideal of 2a we have q > qAö by B2. Hence since q is union ir-

reducible we have qA8=qA3' for any two simple ideals S and 8' which do

not divide q. Let a = 8i A • • • Ag„ where 8i, • • • , SO q; 8z+i> • " ' i 3nlt? q. Then

a = qAa = qA«iA ■ • ■ A3„= (qA«i+i)A • • • A(qAg„) = qA«(+i<q. Hence q

is a point of 2a and every ideal of Sa is a union of point ideals. Now let a > a Ab

in 8a. Then since every ideal is a union of point ideals, there exists a point ideal

psuch that Op, aAb^p. But then a = (aAb)Wp. Hence aWb = (aAb)UpWb

= pVJb>b since © is a Birkhoff lattice. Thus Bl and B2 hold in 2a and 2a

is modular by Lemma 1.5. Conversely, if 2a is modular, then B2 is satisfied

by Lemma 1.5. This completes the proof.

According to Theorem 3.1, if every element of a lattice © has a decom-

position into irreducibles and the number of components in the decompositions

of a is bounded, then 8„ is archimedean. This result can be sharpened con-

siderably if © is modular.

Lemma 3.3. Let © be a modular lattice. Then if an element a has a decom-

position into irreducibles, 80 is archimedean.

For let a = giA ■ • • f~\qk where qi, ■ ■ • , qk are irreducible. Since © is mod-

ular, 8 is modular by Lemma 2.2. Now if g«It)p where p >a, we have g,Wp >qt

and hence qiKJua>qi since qt is irreducible. But then ua>UaAg,- since 2 is

modular. Thus each irreducible qi divides a simple characteristic ideal

c< = g,iAu0. Since 8 is modular, we have u0> Ci> CiAc2> ■ ■ • > CiA • ■ • Ac*

= a. Hence 80 is archimedean and the lemma is proved.

If © is modular and a has two reduced decompositions into irreducibles,

then by Lemma 3.3, 8„ is archimedean and a has two reduced representations

as a cross-cut of simple ideals. Now by Lemma 3.2, B2 holds in 8a and hence

by the dual of Lemma 1.3 any two reduced representations of a as a cross-cut

of simple ideals have the same number of components and any simple ideal
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of one decomposition may be replaced by a suitably chosen simple ideal of

the other. Thus by Theorem 3.3 and Corollary 3.1 we have the

Kurosch-Ore decomposition theorem. Let an element of a modular lat-

tice have two reduced decompositions into irreducibles. Then the number of com-

ponents in the two decompositions is the same and any component in one

decomposition may be replaced by a suitably chosen component of the other.

4. Lattices with unique decompositions. This section will be devoted to

the proof of the following theorem:

Theorem 4.1. Let © satisfy the ascending chain condition. Then each element

of © has a unique representation as a reduced cross-cut of irreducibles if and

only if© is a Birkhoff lattice and 2a is a Boolean algebra for each a.

We begin with a series of lemmas, the first of which proves the necessity

of the conditions of the theorem.

Lemma 4.1. Let © satisfy the ascending chain condition and let each element

have a unique representation as a reduced cross-cut of irreducibles. Then © is a

Birkhoff lattice and £a is a Boolean algebra for each a.

For let b>a, O« and c^)b. If bUc>c we have bUObDc where

bUc?^b?^C. Since bl[5b, there exists a <f£b such that d^\)b. Since b?* C, there

exists a c such that c£c, d~Z)c, and clj) b. Furthermore since c~X> b there exists

an irreducible qc such that qc"Z)c, q^X>b (Lemma 2.6). But then b~Z)br\qcZ)a

and if b = bAgc we have gObWOb which contradicts qc^) b. Hence a = br\qc.

Similarly there exists an irreducible ga such that qd~2)d and a = bf^qd. By Theo-

rem 2.2 we have a = bcr\qc and a = bdC\qa where bc, bd€zb. Let b = bcC\bd- Then

6Gb and a = bf^qc = br\qd. Let 6 = giA • • • r\qk. Then a has two reduced rep-

resentations a = q,ir\ ■ ■ ■ Agt,Agc = g,ir>\ • • • r\qjmC\qd. Now qc9^qa since

otherwise g<Ob and qc^qu since otherwise gObWcDb contrary to gc3) b.

Hence a has two distinct reduced representations as a cross-cut of irreducibles

which contradicts our hypothesis. Thus bWc> c and hence each element of ©

satisfies the Birkhoff condition in the lattice of ideals.

Now since each element has a unique decomposition into irreducibles, the

number of components is obviously bounded and hence ?a is archimedean

by Theorem 3.1. Let pi, • • • , p* be a maximal independent set of point ideals

of S„. Then pi, • • •, p* generate a Boolean algebra with simple ideals 8i, • • • , 8*.

8i, • • • , 8* are clearly simple ideals of 2a and hence are characteristic ideals

by Corollary 3.2. Thus a has a decomposition a=q\C\ ■ ■ • r^qk where g08<

(Theorem 3.3). Now suppose there is a simple ideal 8 distinct from $i, ■ • • , 8*.

Let gD8, qX>ua. Then g is a component of a by Theorem 3.5 and hence g = g*

for some i since a has but one reduced decomposition into irreducibles. But

then gD8VJ8; = ua which is impossible. Hence 8i, • ■ • , 8* are all of the simple
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ideals of ?a and since each ideal of 2a can be expressed as a union cross-cut of

simple ideals, 2a is simply the Boolean algebra generated by pi, • • • , pk-

Lemma 4.2. If S„ is a Boolean algebra, then it is archimedean.

For if ?„ has an infinite number of point ideals, let pi, p2, p3, • • • be a de-

numerable sequence of point ideals. Let p/ = piUp2W • • • Up,_iWp,+iW ■ • • .

Then since ?„ is a Boolean algebra we have a = p{ Ap2 P\ • • • . But since the

cross-cut of an infinite number of ideals consists of all elements contained in

finite cross-cuts a = p{ f~\p2 C\ ■ • ■ C\pk for some k. Then <Opfc+i which con-

tradicts pfc+i>a. Hence ?„ has only a finite number of point ideals and thus

is archimedean.

Lemma 4.3. Let © be a Birkhoff lattice in which each ?0 is archimedean.

Then if every three ideals covering a principal ideal generate a Boolean algebra

of order eight, %a is a Boolean algebra for each a.

For let the hypotheses of the lemma be satisfied and let every three ideals

covering a principal ideal generate a Boolean algebra. We show first that the

ideals of any finite set of ideals covering a principal ideal are independent.

Suppose that for any a every k—l ideals covering a are independent. Let

pi, • • • , pi be k distinct ideals covering a. If pi, - - ■ , p* are not independent

let piWp2U • • • \Jpjfe_OP* say. Now piUp,-^p2, • • • , p,_i, p<+i, • • ■ , p*

(i = 2, ■ ■ ■ , k) since every three ideals covering a generate a Boolean algebra.

HenceelementsXi)€EpiexistsuchthatXi,WplIt)p/(j = 2, ■ • +    • ■ • ,k;

i = 2, ■ ■ ■ , k). Let x = x23nx24A • ■ • r\xk *-i. Then x£pi and xUpi3)p2, • • • ,

pi_i, pi+i, • • • , pk (i = 2, ■ ■ ■ , k). Clearly x~\)p2, Hence p2 =x\Jp2

>x, ■ ■ ■ , pk =x^Jpk>x and p2', • • • , p* are distinct. Thus by the induction

assumption p2 , • • • , p*f are independent. But p2'W • • • UpA'_OxVJp2W • • •

^Jpfc-OxWpiW • • • fUpk-iZ)x[Upk = pk' which is contrary to the independ-

ence. Hence the independence of any finite set of covering elements follows

by induction.

Now let a£S, and let pi, • ■ • , p* be a maximal independent set of point

ideals of 80 divisible by a. Imbed pi, • ■ • , p* in a maximal independent set

pi, ■ • • , pk, ■ ■ • , p„. Set b = piW ■ • • Wp,t. Then Ob. If b])a, there exists an

element 6i£b such that öilfc)a. Now b\Jpk+it>pk+j (j = k + l, ■ ■ ■ , k+i — 1,
+ i = l, • ■ • , n — k). Hence as above there exists an element

o2£b such that b^Upk+iX^pk+j, i*6}. Also a = aSJb'X)pk+i, • • • , p„. Hence an

element 63Gb exists such that a\JbsX>pk+\, ■ ■ ■ , pn. Set b = bi{~\b2r\b3. Then

6£b,ö$a,6Upi+j3)pfc+J-,2Vj,and a\Jb^>pk+u ■ ■ -, pn. Clearly &^p*+i, • • - ,pn.

Hence pk+i = b\Jpk+i>b, • • • , p„' =6VJpn>& and p*+i, ■ • ■ , p„' are distinct.

Let oUOp>0- Then p is distinct from pk+i, • ■ • , pn ■ For if p = p/+t-, then

b\JaZ)pk+i contrary to the definition of b. Thus by the result of the above

paragraph p, pk+i, • • • , pn are independent. But pi+iU ■ • ■ Wp„' = bVJpk+i

VJ • ■ • Up„ = 6UpiU • • • WpOo^fOp which is impossible. Hence ct=b and
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8» is a point lettice. But then the point ideals of 8a are independent and gen-

erate 8a- Thus 8a is a Boolean algebra by Lemma 1.2.

Lemma 4.4. Let © be a Birkhoff lattice satisfying the ascending chain con-

dition in which every three ideals covering a principal ideal generate a Boolean

algebra. Let q be an irreducible of © such that gZ)a; f), c>a and b^C. Then either

qZ)b or gDc.

Let us suppose that for some a we have gDo; b, c>a, bp* c, git) b and g!j) c.

We shall show that a proper divisor a' of a exists with the same properties

and hence the lemma follows from the ascending chain condition. Now q^a

since otherwise q = bC\c contrary to the irreducibility of q. Hence gZ)p>« by

Theorem 2.1. Clearly pj^b, c since otherwise gDb or gZ)c. Hence p, b and c

generate a Boolean algebra. Since pWb3)c there exists an element ££p such

that pVJb^)c. Since gDpi there exists an element £'£p such that qZ)p'. Let

a' = pC\p'. Then a'Gp and hence a Va. Clearly qDa'. Let b'=a'^Jb, c' =a'Uc.

Then b' >a' and c' >o' by the Birkhoff condition. If b' = c', then ^WbDa'Ub

Dc, which contradicts ^WbJ) c. Hence b'^c'. Since glj} b, g!f> c we have gj) b',

g]} c'. Thus a' is a proper divisor of a with the desired properties.

Lemma 4.5. Let © be a Birkhoff lattice satisfying the ascending chain condi-

tion in which every three ideals covering a principal ideal generate a Boolean

algebra. Then if a has a reduced representation a = qiC\ ■ ■ ■ Og*, 8a is archi-

medean of length k and each g< divides a simple ideal of 8a-

For let a; be the union of the point ideals of 8a which are divisible by gt.

Then di^Ua since a; is a characteristic ideal of 8«. Now let p, p' be any two

point ideals of 8« which are not divisible by a*. Then a,VJp>Oi and aiWp'>a,-

by the Birkhoff condition. Now suppose that a,AJp3)p'. Then there exists an

element a-iGa,- such that aiWpIpp'. Since g,Oo.<i there exists an element c^Go»

such that gO«2- Let a, = aiP^02. Then g,Oa< and a;Wp!j)p'. Clearly a.-^p'.

If aOp, then gOp and aOp contrary to assumption. Hence a»Wp>ai,

öjUp'>a,- and a;VJp5^ai\Jp'. Since gOa< by Lemma 4.4 we have either

gOöiWp or ffiDa.Up'. Hence gOp or gOp'- But then aOp or aOp' con-

trary to assumption. Thus djWpDp' and aiUp = a;Wp' for every pair of point

ideals of 8a not divisible by a,. But then ctjWp = 0;Wuo = ua and ua>ai- Hence

a,- is simple and each g,- divides a simple ideal of 8a.

Now let bo = ua and let b% denote the union of the point ideals of 8a which

are divisible by gi, • • • , g<. Then bi = cti and b0>ai by the result we have just

obtained. Clearly b;_Obz. If b;_i=bi, let qxC\ ■ ■ ■ r\qi-.ir\qi+if~\ • • • Hg*
3p;>fl. p( exists since the representation is reduced. Now qif~\ ■ ■ ■ f^gz-Opi

and hence bi_iZ)pi. But then bOpi and hencegOpz-Thusa = giA • • • P\gOp;

which is impossible. Hence bi-i^b;. Now let p and p' be two point ideals di-

visible by bi_i but not by bi. If bjUp^bjUp' there exists an element bi^bi

such that qiDbh bt\J\)>bi, biKJp'>bi and 6;Up^öiUp'. But then g06(Wp
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or qiZ)biVJp' by Lemma 4.4. Hence either b;Dp or b;Dp' which is contrary to

assumption. Hence biWp = bzWp' for every two point ideals of bz_i which are

not divisible by bi. Thus b^Jp = bi\Jbi-i=bi-i and bi_1>bi by the Birkhoff
condition. Hence we have the chain ua>bi>b2> ■ • • > b*. But bk = a and the

lemma follows from Lemma 3.1.

Lemma 4.6. Let <& be a Birkhoff lattice satisfying the ascending chain condi-

tion in which every three ideals covering a principal ideal generate a Boolean alge-

bra. Then each aG@ has a unique reduced representation a=giP\ • • • (~\qk

where gi, ■ • ■ , 2* are irreducibles. 2a is a Boolean algebra of order 2h and each qi

divides a simple ideal of Sa-

lt follows from Lemmas 4.3 and 4.5 that 8„ is a Boolean algebra of order 2*.

qt divides a simple ideal 3< of 8a by Lemma 4.5. Now let a = q{r\ ■ ■ ■ C\ql

be a reduced decomposition of a. By Lemma 4.5, l = k and qi divides a simple

ideal 8,-. Let b = ql C\qj. Then oD8j, and b^)ua. Let 8,\£>p>a. Then ma = 83Wp

and oW() = 0WgAJp = öWua>6 by the Birkhoff condition. If q^b, we have

2jDPj>6 and p,^pWo since otherwise qjZ)p^JQj = ua. Hence by Lemma 4.4,

either qi Dp/ or qi Dp. But if qi Dp,-, then b = qi C\q{2)Pi>b which is impossi-

ble. Hence qi Dp and qi Dita which is impossible. Thus g, = 0 and similarly

qi = b. Hence qi is equal to g,- and the two representations are identical. This

completes the proof of the lemma.

Lemma 4.1 and Lemma 4.6 together give Theorem 4.1.

In view of Lemma 4.6, lattices with unique irreducible decompositions

may be characterized in terms of the local properties of the lattice of ideals

as follows:

Theorem 4.2. Let © satisfy the ascending chain condition. Then each ele-

ment of © has a unique reduced decomposition into irreducibles if and only if ©

is a Birkhoff lattice in which every three ideals covering an element of © are inde-

pendent.

As a corollary to Lemma 4.6 we have

Corollary 4.1. Let © satisfy the ascending chain condition and let every

element of © have a unique reduced decomposition into irreducibles. Then the

number of irreducible components of a is equal to the number of ideals covering a.

Corollary 4.2. Let © be a Birkhoff lattice satisfying the ascending chain

condition. Then if © contains a modular, non-distributive sublattice, the lattice

of ideals of © contains a complete^) modular, non-distributive sublattice of order

five.

For if © contains a modular, non-distributive sublattice of order five, at

(10) A sublattice 8' of 8 is said to be complete if a > b in 2' implies a > 6 in 8.
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least one element of © does not have a unique decomposition into irreducibles.

But then there are three ideals covering a principal ideal which are dependent.

These three ideals generate a complete, modular, non-distributive sublattice

of 8 of order five.

5. Unicity of the number of components. In the previous section lattices

with unique irreducible decompositions were completely characterized as

Birkhoff lattices with certain special properties. Simple examples show that

a similar characterization of lattices in which the number of components is

unique will require lattices that are considerably more general than Birkhoff

lattices. Hence we shall restrict ourselves to the characterization of Birkhoff

lattices having the number of components unique. We prove the following

theorem:

Theorem 5.1. Let © be a Birkhoff lattice satisfying the ascending chain con-

dition. Then the number of components in the reduced decompositions of each

element into irreducibles is unique if and only if 8a is modular for each a.

As in §4, the proof rests on a series of lemmas.

Lemma 5.1. Let © be a Birkhoff lattice satisfying the ascending condition.

Then the number of components in the irreducible decompositions of a is unique

if and only if 8tt is archimedean, modular, and every characteristic ideal of 8a

is simple.

Since the ascending chain condition holds each element of © has a decom-

position into irreducibles. Now if the number of components in the irreducible

decompositions of a is unique it is certainly bounded and hence 8» is archi-

medean by Theorem 3.1. Now let c be a characteristic ideal of 8a and let

pi, • • • , p* be a maximal independent set of point ideals divisible by c. Imbed

pi, • • ■ , pt in a maximal independent set pi, ■ • - , pi, ■ • • , pn. By Theorem 3.5

and Theorem 3.3, a has an irreducible decomposition having £ + 1 compo-

nents. But by Corollary 3.2 a has a decomposition having n components.

Hence if the number of components is unique we have n — k-\-\. But then

piW • • - Upi is a simple ideal of 8a and itoDOpi^ ■ ■ ■ ̂ P*, Ua^c. Hence

c = pAJ • ■ • Wpj; and c is a simple ideal of 80.

Now let 8 be an arbitrary simple ideal of 8n and let a be any ideal of 8« such

that $3) a. By Theorem 3.2, a has a reduced representation a = %iC\ ■ ■ ■

where 8i, • • • , 8; are simple ideals of 8„. If aC\%5*a, by Theorem 3.2 there ex-

ists a simple ideal 8i+2 such that 8;+2]J)aP\$. Similarly if aP\gP\8i+25^a, there

exists a simple ideal fii+s such that $1+3^) aASf^äi+j. Thus we eventually have

angng;+2n • • - n&m=a. Then a = 8iH - ■ • n«jPign8!+2r\ • ■ • n3m and
since each simple ideal is characteristic this decomposition gives a decomposi-

tion into irreducibles with the same number of terms. Hence if the number of

components in the irreducible decompositions of a is unique we have m^n

where n is the length of 8». But UaD808iP\30 • • • DSiH • • • P\gzD8i
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n • ■ • n^nosiPi • ■ • r^nsngi+o • • • D^r\ ■ ■ • ngm=a and the
ideals of this chain are distinct. Hence m^n by Lemma 3.1. Thus m = n and

each ideal of the chain covers the ideal which immediately follows. Hence

ct> aP\§. Now let a and b be any two ideals of 2a such that aUb> b. By Theo-

rem 3.2 and ideal 8 exists such that Ob, S^aVJb. But then b = (aWb)ng.

Hence a>aP\8 = aA(aUb)r\« = aPib. Thus aWb>b implies a>aHb and B2

holds in 2a- But then 2a is modular by Lemma 3.2.

On the other hand let 2a be archimedean, modular, and every characteris-

tic ideal be simple. Let a = qiC\ ■ ■ ■ C\qk be a reduced decomposition into irre-

ducibles. By Theorem 3.3, a has a reduced representation a = tiC\ ■ ■ ■ r\ck

where c,- is a characteristic ideal of 2a- But then c,- is a simple ideal of 2a by

assumption. Thus ua>Ci>tiC\c2> • • • >CiC\ • ■ • P\tk = a since B2 holds in

2a by Lemma 1.5. Hence k is simply the length of 2a and every reduced decom-

position of a into irreducibles has the same number of components. This com-

pletes the proof of the lemma.

Lemma 5.2. Let © be a Birkhoff lattice satisfying the ascending chain condi-

tion. Then if 2a is modular for each a, every characteristic ideal of 2a is simple.

Let every characteristic ideal of 2b be simple for every proper divisor b of a.

We shall show that every characteristic ideal of 2a is simple and the lemma

follows by the ascending chain condition.

If C is a characteristic ideal of 2a which is not simple, let q be an associated

irreducible. If x is any element of © divisible by q, let qx denote the union of

the point ideals of 2X divisible by q. Then since c is a characteristic ideal asso-

ciated with q we have 0q0 and hence qa is not a simple ideal of 2a- Now sup-

pose that for every two point ideals p and p' such that qa3)p, p' we have

q0Wp = q0Wp'. Then ua= q«Wua= qA-^p>qa and q„ is simple contrary to as-

sumption. Hence there are two point ideals p and p' such that q0I[)p, qaIt)p',

and q0Wp5*q0Up'. Now qr\(qa^p\Jp') = (qr\ua)r\(qa\Jp\Jp') = qa\J(qr\ua

r\(pKJp')) = qaKJ(qr\(p^Jp')) since 2a is modular. If flT\(pUp') ^a, we have

g/"XpUp'Opi>a. If p' = pi. we have Op' and hence qOp' contrary to hy-

pothesis. Thus piT^p and pi^p'. Now pUp'Dp^pOp and pWp^p. Hence

pWp' = pWpi by the Birkhoff condition. Since OPi we have qOpi and hence

qoWpDpiVJpDp'. But then qaWp = qaWp' which contradicts the definition of

p and p'. Thus gn(pWp') =a and gPi(qaVJpWp') = q„.

Now suppose that q„ is not principal. Let X be the set of all elements x

such that qZ)xZ)(\a, q^x. If x£_X, let px = qC\(x\Jp\Jp'). Clearly X generates

qa. We shall show

(1) There exists an x0£X such that xKJpyjp' >px>x for all x£X, XeOx.

(2) The set of ideals px, x£X, XoZ)x, generates qa.

(1) Since q„WpI|)p' and X generates qa, there exists an element XoGX

such that XoWp!j)p'. Let XoZ)x, x(E.X and suppose that x = px. Since x is a

proper divisor of a we have ux>qx. By the Birkhoff condition xUp>x,
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xUp'>x and hence xWp, xWp' belong to ?x. Now qxIJ)xWpWp' since other-

wise gOp- Hence by the modularity of Sx we have xWpUp' > qxH\(x\Jp\Jp').

Then xVJpKJp'Dqr\(xVJpKJp')-Dqxr\(xKJp\Jp') and gPi(xVJpUp') ^xUpUp'.
Thus x = px = gn(xUpUp') = qxPi(xVJpWp') and hence xUpWp' >x. But then

xUpUpOxUpDx and if x = x\Jp we have gDp which is impossible. Thus

x\Jp=x\Jp\Jp'Z)p' and x0VJp3xWpDp' contrary to the definition of x0.

Hence x?*px. Let pxDpx >*• Clearly xUpWp'DxUpUpx DxWp and xUpWp'

>xUp by the Birkhoff condition. If xWpVJpx =xWp we have xUpDpx and

x = gn(xWp)Opx' which contradicts px >x. Hence xWpWp'=xWpWpx . But

then xWpWpx DpxDpx and xWpWpx'>px'. If x}Jp\Jpi =px, then gDxWpWp'

which is impossible. Hence px = px' and xWpWp'>px>x.

(2) Clearly pxZ)q0 for every x since pxDxDq„. Now let aiEqa. Then

aOq<1 = g<rMqa^>'p^>,p') and hence aiZ)qr\(a^JpKJp') where a2G.qa by Theo-

rem 2.2. Let x=x0na2. Then 3c£I and aOg^(xWpUp') = px. Hence each

element of q„ divides some px and thus the ideals px generate qa.

Now lety be an arbitrary element of q^p. Then yZ)qa and hence 3OP1

where x<Ox by (2). But then by (1) xWpUp'>px>x and px^p since other-

wise gDp. Now xUpWp'DpxWpDpx and pxVJp^px- Hence xUpUp' = pxVJp

which gives pxWpDp'. Thus yWpDp' for every y and hence q<AJp3p'. The

assumption that q0 is not principal has thus led to a contradiction and we con-

clude that qa is principal, say q„= (01). Since a\ is a proper divisor of a, by hy-

pothesis we have uai>q01. Hence q^UfaiUpWp') >qar But qain(aiWpUp')

= gP\(aiWpUp') =ai and ßiWpUp'>öi. Hence 8ai is non-modular contrary

to assumption. Thus qa is simple and hence c is a simple ideal of 8„.

Lemma 5.3. Let © be a Birkhoff lattice satisfying the ascending chain condi-

tion. Then if %a is modular for every a, 8„ is archimedean.

For let a = q\C\ ■ ■ ■ P\g„ be a reduced decomposition of a into irreducibles.

Then a has the reduced representation a = CiC\ ■ ■ ■ C\Ck where u is a charac-

teristic ideal associated with g;. By Lemma 5.2, c< is a simple ideal of 2a- Hence

since 8a is modular we have ua>Ci>Cir>\C2> • • • >CiH • • • r\ck = a. Thus ?„

is archimedean of length k.

Lemmas 5.1-5.3 together give Theorem 5.1.

Corollary 5.1. Let © be a Birkhoff lattice satisfying the ascending chain

condition. Let the number of components in the reduced decompositions of an

element a be unique. Then in any two reduced decompositions of a, each compo-

nent of one decomposition may be replaced by a suitably chosen component of the

other.

For by Lemma 5.1, the two decompositions give two reduced representa-

tions of a as a cross-cut of simple ideals of 8„. However, since 2a is modular,

B2 is satisfied and the replacement property follows from the dual of Lemma

1.3.
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Corollary 5.2. Let & be a Birkhoff lattice satisfying the ascending chain

condition. Then if the number of components in the decompositions of an element a

is unique, that number is simply the length of 80.

Corollary 5.3. Let © be a complemented Birkhoff lattice in which every

element can be expressed as a cross-cut of a finite number of irreducibles. Then

the number of components in the reduced decompositions of the null element z is

unique if and only if © is a complemented modular lattice of finite dimensions.

For since © is complemented, ?z is simply 8, the lattice of ideals.

6. The Mac Lane exchange axiom. In order to free condition Bl of the

covering properties, Mac Lane (Mac Lane [l]) formulated the following

axiom.

E5. If cOoDaPV and Cr^aC^c, then there exists an element C\7^dC\c such

that c~Z)c\Z)ar\c and b = aC\(bKJ'ci).

Mac Lane showed that E5 is equivalent to a transposition property of

chains and in case covering elements exist, that is, if bZ)a, b^a, implies b'

exists such that b~2)b'>a, it reduces to Bl. Thus both E6 and the requirement

that each element satisfy the Birkhoff condition in the lattice of ideals are

generalizations of Bl. We shall be particularly interested in the conditions

under which they are equivalent.

Theorem 6.1. Every Birkhoff lattice satisfies E6.

Proof. Let a^>bZ)aC\c and c^a(~\c. Then by Theorem 2.1 and ideal p

exists such that c~^)p>aC\b. Now b~X>p since otherwise aP\Op which is im-

possible. Hence 6Wp>6 by the Birkhoff condition. But then b\Jp~2)aC\(b\Jp)

Z)b and if 6Wp = oP\(6Up) we have cOp which is impossible. Hence

b = ar\(b\Jp). Thus by Theorem 2.2 an element ££p exists such that

b = a(~\(b\Jp). Let C\ — cC\p. Then cZDc\2>p>a(~\c and hence OcOarV,

Ci^aHc. Also b = ar\(b\Jp)Z)ar\(b\Jc-?)Z)b. Thus b = af\(6Ud) and Ci satis-

fies the requirements of E5.

Theorem 6.2. Let © satisfy E6 and have the property that each element is

covered by only a finite number of covering ideals. Then © is a Birkhoff lattice.

Proof. Let <Oa, p>a and aj)p. Let p, pi, • • • , p„ be the finite number of

ideals covering a. Now if pUu>a, we have pWcOOct, pUa^c^Q. Since

pDpf^Oa and cl£>P we have pP\c = a and hence by Theorem 2.2 elements

p'Gp and c£c exist such that p'C\c = a. Since c^a, there exists an element

6'Ga such that b'3>c. Let b = cC\b'. Then b~$c and OOcPi/Z. Now

since p^pi (* = 1, • • • , n) elements pi exist such that pi £p and pi~\)pi

{i=\, ■ ■ ■ , n). Set p = pT\p{(~\ ■ ■ ■ r\p:. Then pGp, p'Z)p and pt>pi
• • •, n). Clearly a = cC\p'Z)cr\p^)a implies c(~\p =a. Hence cZ)bZ)cf\p

and pT^cf\p. Thus by E5 an element pi exists such that p\9^a, pZ)piZ)a and
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b = cr\{b\Jp-i). Now £Op'>a and pVp; (i=l, • ■ , n) since otherwise

PDpiDpi contrary to the definition of p. Hence p' = p. But then b = cC\(bV)pi)

Dcn(aUp)Dc which contradicts b~X)c. Hence pUa>a and © is a Birkhoff

lattice.

Now by Lemma 4.6, if © is a Birkhoff lattice in which the ascending chain

condition holds and every three ideals covering a principal ideal generate a

Boolean algebra, then each a is covered by only a finite number of ideals.

However, Theorem 6.2 does not enable us to replace the Birkhoff condition

in the lemma by E5 since the proof of the finiteness required the Birkhoff

condition. To carry out this replacement we first replace the condition that

every three ideals covering a principal ideal generate a Boolean algebra by

an equivalent condition.

Theorem 6.3. Let © be a Birkhoff lattice satisfying the ascending chain con-

dition. Then every three ideals covering a principal ideal generate a Boolean alge-

bra if and only if a\JbZ5q>aC\b implies oO q or ZO q.

Proof. Let every three ideals covering a principal ideal generate a Boolean

algebra and suppose that a^JbZ)q>ar\b but a!j)q, 6j)q. Then a, by^aC\b.

For if a=a(~\b, then b = aVJb~Z)q contrary to assumption. Now with b fixed

let a be maximal such that öVJ6Dq>ar^ö and a^)q, o^q for some q. Let

bZ)$>ar\b. Suppose a = pUaIJ)q. Then aUi=aUpU/j = ttUO(l and aC\b
ZDaC^b. Now a^a since otherwise cOp and ar\bZ^p>aC\b which is impossi-

ble. Let a( be an element of a such that a{ !j)q. Now aUöD&Dp and hence

aUOp^ö = fl- Thus ax = (aVJb)f^a( 3u and a\JbZ)ai- But a^Jb^aiUbZ^a

U6. Hence ai*Ub = a\JbZ}q. Also ait> q since otherwise a{ Dq. Now q~2>{aiC\b)

r\qZ}a(~\b and qj^(ain6)P\q since otherwise 6Dq. Hence q>a(~}b = (air\b)

C\q. By the Birkhoff condition we have qi= qW(aiP\6) >aif~\b. Since OiVJoDq

we have ai*UbZ)c\i>aiHib. Clearly aijjqi, oüpqi, and a\^a. This contradicts

the maximal property of a. Hence we have pWcOq-

Now let aZ)pi>ar\b. pi^q since otherwise <Oq and pi?^p since otherwise

ar\bZ)p>a,r\b. Hence piWpIJ)q since every three ideals covering af~\b gen-

erate a Boolean algebra. Thus piUp~\) q for some £iEpi- Set x=p\C\a. Then

aZ)xZ)aC\b and X9^a(~\b, x\Jp~X>q. Let a2 be a maximal such x. Then a2^a

since aWpDq. Hence cOp2>a2 for some ideal p2. Then if p2Up3)q we have

p2yjp~X>q for some £2£p2. Let a2 =aC\p2. Then <Oa2 DaOJ, a2 ^aC\b and

a{ \Jp~X>q contrary to the maximal property of a2. Hence p2WpDq. Let

q2 = a2Uq and p3 = a2Wp. We have a2~X>p since a~X>p and hence p2, q2, p3>a2 by

the Birkhoff condition. Clearly p2VJp3 = p2Wa2VJpDa2VJq= q2. Now p25^q2

since otherwise cOq. Also q2j^p3 since otherwise a2Up3q contrary to the

definition of a2. Finally p2?^p3 since a^)p. Thus p2, q2, p3 do not generate a

Boolean algebra, which contradicts our hypothesis. Hence either aDq or 6Dq.

On the other hand if three ideals a, b, c covering d do not generate a

Boolean algebra, then aUbDc say. Since d = aC\b, elements a£a and 6Gb
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exist such that d=a(~\b. Hence aUb^>a^JbZ)c>ar^b = d. If Oc, then

GOaUcDb and d=aC\b~2)b which is impossible. Hence a~$)t and ö3)c. Thus

a^Jb^)(.>ar\b but a])c and b^)c. This completes the proof of the theorem.

We show now that if the ascending chain condition holds and the condi-

tion of Theorem 6.3 is satisfied, then E5 is equivalent to the Birkhoff condi-

tion. A preliminary lemma is required.

Lemma 6.1. © is a Birkhoff lattice if and only if oDa, b^)p>a implies

p\Jb>b.

The necessity of the condition is obvious. To prove the sufficiency let b>a,

cDa and cl|)b. If bWc>c we have bWcDbDc where bUc^b^c. Since bj)b

an element <2£b exists such that dH)b. Since <Oc and c^b there exists an

element c£c such that <Oc and c^)b. Now <Oa, c^)b>a. Hence cUb>c.

But cKJbZ)dr\(c\Jb)^)c and cUb^dPi(cUb) since dj)b. Thus c=dr\(c\Jb)

Dbr^(cUb) = b which contradicts c^)b. Hence bWc>c and © is a Birkhoff

lattice.

Theorem 6.4. Let © satisfy E6, the ascending chain condition, and let

a\Jb^)q>a(~\b imply <Oq or 6Z)q. Then © is a Birkhoff lattice.

Proof. Let X be the set of all elements x such that yZ)x, p>x, y^>p, and

pWy>y for some y and p. If © is not a Birkhoff lattice, then X is non-empty

by Lemma 6.1. Let a be a maximal element of X. Then 6 and p exist such that

Ofl, b^)p>a and 6WpDOo, oWpy^c. Now pDpHOa and p^pHc since

otherwise &VJp = c. Hence pHc = ö. Let ££p, c£c such that p(~\c = a. Then

pH\c = pC\b=a and cj^o. Hence by E5 an element £1 exists such that p'Dpi'Da,

pi^a and b = cPi(oU'£1). Now 6W£i3)c since otherwise b = cr\(b\Jpi)Z)c

which contradicts c > 6. Now suppose that we have found p\, ■ ■ ■ ,pk such that

b\JpAJp2\J ■ • • VJ^tlDc and (bKJpJU ■ ■ ■ \Jpl)r\pi+1 = a («-l, • • •,1-1);
Since b\Jpi\Jp2\J ■ ■ ■ \Jpk~X>t we have b\Jp^J ■ ■ ■ KJpk^)\) and hence

(byJpiU ■ ■ ■ \Jpk)r\p=a. Thus pk+i& exists such that (b\Jpi\J ■ ■ ■ ̂ Jpk)

r\pl+i = a. hetp't'+1 = pk\ir\p. Then (bKJpJJ ■ ■ ■ Vpk)npt'+1=a and cr\pt+1

= br\p'k'+1=a, p't'+iT^a. Hence by E6 an element pk+i exists such that

Pk+i-)pk+iZ)a, pk+i7*a and b = cr\(b\Jpk+\). Then b\Jpk+i~\)t since otherwise

b = cr\{b\Jpk+i)Z)c. Now Ocn^oU^U • ■ • yJpk)r\(b^Jpk+i))Db and

cn((öWp!U • • • \Jpk)f~\{bKJpk+i)) since otherwise 6W£*+0(6UpiVJ ■ ■ ■

\Jpk)r\(b]Upk+1)Z)c. Hence since c>6 we have c> cr\((b*UpiKJ ■ ■ ■ \Jpk)

C~\{byjpk+i)) =b. But now since b is a proper divisor of a, by the maximal

property of a we must have cW((oU£iU • • ■ \Jpk)r\{b\Jpk+-i))>{b\Jpi

\J ■ ■ ■ \Jpk)C\{b\Jpk+x). Now suppose that bUpiKJ ■ ■ ■ \Jpk+iDc. Then

(b\jpAJ ■ ■ • \Jpk)\J(b\Jpw)OcKJUb\JpiV ■ ■ ■ vpk)r\{b\jpk+i))>{byjp1

U • • • KJpk)r\{bV)pk+i). Hence by hypothesis either bKJpJJ ■ ■ ■ U^Qc or

b\Jpk+i~2)t both of which are impossible. Thus b^JpiU ■ ■ ■ VJpk+iX)c. By in-

duction we get an infinite chain b(Zbyjp\C.b\JpAJp2CL • ■ • (Zb^Jpi^J • • ■
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yjpiC ■ ■ ■   and b\JpiKJ ■ ■ ■ \Jp{^bKJpi\J ■ ■ ■ Wpi+1 since (b^JpiVJ ■ ■ ■
\Jpi)C\pi+\ = a. This chain contradicts the ascending chain condition and

hence © is a Birkhoff lattice.

The condition a\JbZ)q>aC\b implies aDq or bZ)q, may be given a purely

combinatorial statement as follows:

Theorem 6.5. aW/jOq >aP\o implies oOq or &Z)q if and only if

(A) a^JbZ)xZ)ar^b, ar\x = bC\x = af^b implies x = aC\b.

Proof. Let aV)b~Z)x"Z>ar\b, aC\x = bP\x = ar\b. If x?±aC\b, let aOq>aP\&.

Then aW£Oq>aP\o and hence <Oq say. But then af~\b=ar\xZ)q>aH\b

which is impossible. Hence x = aC\b.

On the other hand, let a\JbZ}q>ar\b. If a~\)(\ and o3)q we have af~\q

= br^q = ar^b. Hence for some x£q we have aP\x = br\x = aC\b and a^UbZ)x

by Theorem 2.2. But then aU6DxZ)aP\6, aP\x = br\x = aC\b and x^aCSb

which contradicts condition A.

Lemma 4.6 with Theorems 6.1-6.5 give

Theorem 6.6. Let © satisfy the ascending chain condition. Then every ele-

ment of © is uniquely expressible as a reduced cross-cut of irreducibles if and

only if conditions E5 and A are satisfied.

Theorem 6.6 has the following interesting corollary:

Corollary 6.1. Let © satisfy the ascending chain condition and let each

element of © have a unique reduced decomposition into irreducibles. Then a sub-

lattice ©' of © has unique irreducible decompositions if and only if E5 holds

in ©'.

Axiom A is clearly a slightly stronger form of the requirement that every

modular sublattice be distributive. In Dl it was shown that under the as-

sumption of both the ascending and descending chain conditions, this weaker

condition and Bl were necessary and sufficient for unique decomposition into

irreducibles. But A cannot be replaced by the requirement that every modular

sublattice be distributive in Theorem 6.6 as the example of Figure 1 shows.

The non-principal ideals of © are the ideals a, generated by ai, a2, az, • • • ;

b, generated by &i, b2, 63, • ■ • ; and c, generated by Ci, c2, c3, • • • . Clearly a>z,

h>b, andc>z. Now b{Ja2n=dn>a2n and b*Ua2n+i = b2n+i>a2n+i. Hence JUa;

>a,. Similarly bVJci>Ci. Now let x be any element of © not equal to b or z.

Then b\/x is an archimedean lattice and Bl is readily verified in bi/x since

each element has at most two covering elements. Thus we have only to verify

the Birkhoff condition for non-principal ideals. Clearly b>a, b, c>z. Hence

aU/j>d, <t; aWc>a, c; b*Uc>b, c. aUc2„ = e»>c2» and a\Jc2n+i = b2n+2>c2n+i.

Hence a\Jci>Ci. Similarly cVJa,>a,-. Thus every element of © satisfies the

Birkhoff condition in the lattice of ideals and hence © is a Birkhoff lattice.

By Theorem 6.1, E6 holds in ©. Now if © contains a modular, non-distribu-
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tive sublattice it also contains one of the form {w, v, w, x, y} where v\Jw

= w\Jx = v\Jx = u and vr\w = wr\x = vr\x = y. Since every element not equal

to b or z is covered by at most two elements we must have y=z. But then

v = di, w = b, x = Cj and vKJw = ai\Jb9^b\Jcj = u>yJx which contradicts v\Jw

S

Fig. 1

= xWw. Hence every modular sublattice of © is distributive. However © does

not have unique irreducible decompositions since z = a\r\b = bf^,C\ = aiC\Cx and

Oi, b, c are irreducibles of @. Axiom A does not hold since OiUcjOoDot^c/

and atr\b = CjC\b = aiC\Ci but b9^aiC\Cj = z.

Since a, b, c generate a modular lattice, 8* is modular for every x. Hence

by Theorem 5.1, the number of components in the reduced decompositions

of each element must be unique. This can be readily verified.

According to Theorem 6.2, if every element of a lattice © is covered by

only a finite number of ideals, then E5 implies that © is a Birkhoff lattice.

We prove now an even stronger theorem, namely, under this restriction E5 im-

plies that Bl holds in the lattice of ideals. We begin with necessary lemmas.

Lemma 6.2. Bl holds in the lattice of ideals of © if and only if a >xP\a im-
plies x\J<x>x for every a£8 and x£©.

For if Bl holds in 8, then clearly a>x(~\a implies xWa>x. Now let

ct>xna imply a\Jx>x for each a and x. Suppose that Bl does not hold in 8.

Then ideals a and b exist such that a>aC\b but ctWbDOb, aWb^c^b. Let

xOb, xi^)a. Such an Xi always exists since b])a. Also since bl£>c, an element

x2 exists such that x23b, x2!j)c. Finally since bWc!j)a there is an element x3

such that x3Db, x3WcZt>ct. Let x = xinx2f^x3. Then xDb, x3)u, and xWc3)u.

Now OanaOanb and a^aC\x. Hence uf\s = anb and thus a>aC\x. By
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hypothesis then xWa>x. NowxUaDcUO* and cWx^x. Hence xWa= cWx

which implies xWOa contrary to the definition of x. Hence Bl holds in 2.

Lemma 6.3. Let @ be a Birkhoff lattice. Then if a>x(~\a and xUa>x,

each xC\a, a£a « covered by an infinite number of ideals.

For let a>xC^a and xWa>x. Then clearly aCxxj^a for every aEa since

otherwise xZ)<Oa and a>x^a. Hence <Op0>aP\x for some ideal p„ by

Theorem 2.1. Let Sa denote the set of all ideals pa. Now x^)pa, since otherwise

a(~\x~Z)pa> a(~\x which is impossible. Thus pOxPipaDaPix and pa^xf^p,,.

Hence x(~\pa = a,Cs\x and pa>xf~\pa where xC\pa is a principal ideal of 8. Since

© is a Birkhoff lattice we have xUp„ >x for every p„.

Now in Sa we set p„~pa if and only if xWp„ =xWpa'. Then ~ is an equiva-

lence relation which separates Sa into mutually exclusive sets of ideals. Let Ba

denote an arbitrary equivalence class and let ba=S(5a). If paG-B„, then

xUp„=xWpa' for every other ideal p„' of Ba and hence xWpn=xWba. Thus

xVJba>x. Let Ta denote the set of ideals ba- Now if <OaOu and bai£Tau let

baiDpal>xr\a1. Then paiD(xr\a)nipai^>xr\a1 and p01 ̂ (xn<i)P\pai since

otherwise xDxP\üOpfJI which contradicts xZt?par Hence pai>(xP\a)npot

= x^ai and (xna)Wpai>xfVi by the Birkhoff condition. Also <OaWai

Z)(xr\a)\Jpai>xr\a and hence pa=(xPia)Wpai belongs to Sa. Now xWpa

= xW(xP\a)Upai = xUpai. Let b01Dpai >xf~\ai. Then xVJp„'=xUp0l where

p„' = (xr\a)VJp'ai. Thus xWpa=xWpai=xVJpai = xWpa' and pa~pa in Sa.

Hence ba,Cba where ba is an ideal of Ta. Now suppose that Tai contains a

second ideal b'av which is divisible by ba. Let b'ai~Z)p'a[>xC\a\. Then

xWpni=xWpa = xWbaDxWbaiD*:^,P^Dx- Since xUp0'^x, we have xVJpai

= xUpa' and po^Pa' in Sai contrary to assumption. Hence bai is the only

ideal of Tai divisible by ba. Next suppose that Ta contains another ideal b0'

such that ba'Db01. Then x\Jba Z)x\Jbai = xVJba and hence ba=bä. We thus

conclude that each ideal bai of Tai is divisible by exactly one ideal b„ of Ta and

bai is the only ideal of Tai which is divisible by bä-

het na denote the cardinal number of the set Ta. If xC\a is covered by

only a finite number of ideals for some a, then na is finite for some a and hence

has a minimal value for some a0. If floDaDo, then naf^nao since distinct ideals

of Ta are divisible by distinct ideals of Tao. But since w0„ is minimal we have

«„ = »„,. Hence each ideal of Tat) divides exactly one ideal of Ta. Let bo be an

ideal of Ta„ and let ba denote the ideal of Ta divisible by b0. In general, for

any a£a, let ba be the ideal of Ta divisible by xUbo. Such an ideal ba always

exists since boDba' where ba'£Tanao and hence b0£ra exists such that

b„Db0'. Clearly x\Jba = xtUba = xWbaDb0 and ba is unique as shown above.

If oOa', we have b0Db0< since xWb0 = xWba'. Hence boinb02P\ • • • Hban

Z) ba!na2n • • -nan"

Now let ai=IXaga(b0). Since cObaI)ai, we have O»O^0- If o.\=xr\ai

then x(~\a divides the cross-cut of a finite number of the ideals ba and hence
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xf^aZ)i>a' for somea'. But then (xr}a)C\a'Z)ba>r\ba>Z)ba'Z)bana>Z)xr}(af^a')

and bana' =x(~\(aC\a') contrary to the definition of bana'. Thus Oi^xHa and

hence o=üi since a>xf~\a. But then xUfiiiDxUaOxUaDjc. Since x\Jb»>x

and x~\)a. we have xVJa = x\Jbo>x which contradicts xWa>x. Hence each

'on

<S

Fig. 2

xH\a is covered by an infinite number of ideals. The proof is thus complete.

Lemmas 6.2 and 6.3 and Theorem 6.2 give immediately

Theorem 6.7. Let each element of © be covered by at most a finite number of

ideals. Then the following conditions are equivalent:

(1) E6 holds in ©.

(2) @ is a Birkhoff lattice.

(3) Bl holds in the lattice of ideals.

If © is a Birkhoff lattice in which each element is not covered by at most

a finite number of ideals, then even though the ascending chain condition

holds in © Bl need not be satisfied in the lattice of ideals. For example, con-

sider the lattice diagramed in Figure 2.

All of the elements distinct from z form an ideal a which is generated by

öi, ß2, ag, ■ ■ ■ . bi, 02, bs, ■ ■ ■ clearly form an ideal 6 which divides a. Now let

fOOa, c. Let yGc, y(£b. Then there exists a bi such that bi>xZ)y, x£b.

But by the method of construction there exists an integer j such that
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xP\bk = ak all k^j. Hence OxPibDy^bDcP>b =c- Thus c = ct and b>a.

Clearly bC\ai = a and bUai = 6i. But then b>aiC\b and aiUb>0!. Hence Bl

does not hold in 2. On the other hand it is readily verified that © is a Birkhoff

lattice since a is the only non-principal ideal which covers a principal ideal

and every element distinct from z divides a.

The number of ideals covering an element of a lattice is closely related to

the number of decompositions of the element into irreducibles. We prove

Theorem 6.8. Let <gibea Birkhoff lattice in which each element can be repre-

sented as a cross-cut of irreducibles. Then if an element a has a finite number of

decompositions into irreducibles, 2a is finite.

Proof. Since a has only a finite number of decompositions into irreduci-

bles, the number of components in the irreducible decompositions of a is

bounded. Hence80isarchimedeanbyTheorem3.1. Letpi, • • •, pi be a maximal

independent set of point ideals of 2a- Let 8i = piW ■ ■ • Up;_iWp»+iW • • • Up*

and suppose that 2a has an infinite sequence 8i, • • • , 3*, • • • of simple

ideals. Now if for each i there are only a finite number of simple ideals of the

sequence which do not divide p,-, we have 8„Dp< for all w = for some Let

w^max (h, ■ ■ , h). Then 8„Dp<, t= 1, • • • , k, and 8„Z)ua, which is impossi-

ble. Hence for some p;, say p&, there are an infinity of ideals in the sequence

8i, 82, • ■ • which do not divide p*. We may assume that 8a, 8k+u • ■ • do not

divide p*. Let ffiDS,-, gtI|)u0. Then q^qj, i^j, since otherwise at = g,Wg,-

DSAJg/DUa. Now a = pkr\$k+i = 81r\ ■ ■ ■ r\§k^r\&k+i (l = 0, l, 2, • • • ) im-

plies a = qil^q2r^i ■ ■ ■ r\qk_if\qk+i (7 = 0, 1, 2, ■ ■ ■ ) by Theorem 3.3. If this

representation is reduced for each /, qk+i always remains since otherwise

0 = ^1^ • • • P\g;t_Op<;- Hence a has an infinite number of irreducible decom-

positions, which contradicts our hypothesis. Thus %a has only a finite number

of simple ideals. But by Theorem 3.2 every ideal of can be expressed as a

cross-cut of simple ideals. Hence 80 is finite.

Theorems 6.7 and 6.8 give

Theorem 6.9. Let © be a lattice in which every element has at least one and

at most a finite number of decompositions into irreducibles. Then © is a Birkhoff

lattice if and only ifYSI is satisfied in the lattice of ideals(u).

7. Example of a Birkhoff lattice. In §3 we have shown that the existence

of a decomposition into irreducibles for an element a of a modular lattice im-

plies that 2a is archimedean. Hence if the ascending chain condition holds,

(u) Various considerations suggest that the finiteness of the number of irreducible decom-

positions of an element always implies the finiteness of the number of ideals covering the ele-

ment, in which case Es and the finiteness of the number of decompositions would imply that

© is a Birkhoff lattice. However, I have been unable to prove this. I have also been unable to

prove that E6 is equivalent to the Birkhoff condition under the assumption of the ascending

chain condition although this seems quite likely.
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2a is archimedean for each a. Also if the ascending chain condition holds in a

Birkhoff lattice and the number of components is bounded for an element a,

then 2a is archimedean. We shall construct in this section a Birkhoff lattice

satisfying the ascending chain condition but containing an element a such

that 2a is not archimedean. By the above remark the number of components

in the irreducible decompositions of a must be unbounded.

Latin capitals A, B, C, ■ ■ will denote finite subsets of the set of positive

integers 1, 2, 3, ■ ■ • . If A is such a set, let n(A) denote the number of ele-

ments in A. Small Latin letters a, b, c, ■ ■ ■ will denote positive integers. A\JB

and AC\B will denote set-theoretic union and cross-cut respectively and a\Jb,

aC\b are respectively the maximum and minimum of a and 6. Let © be the

set of all ordered couples a={A, a} where n(A) <a together with the ele-

ments u and z. In © we define

aVJ ß = \A\J B, a\J b)  if n(A W B) < a \J b,

= u if n(A \J B) ^ a VJ 6,

a r\ ß = {A r\ B, a n b}  if A n B is not null,

= z if A C\ B is null,

a*U z = a f~\ u = a,       a U u = u,   a (~\ z = Z.

If AP\B exists, then n{Af\B) ^n(A) <a^aC\b. Hence aC\ß is in © if a

and ß are in ©. Now it can be readily verified that the union and cross-cut

so defined in © are idempotent, commutative and associative. Consider

ar\(aKJß). If a\Jß = u, then af~\{a\Jß) =a. If a\Jß^u, then ar\(aVJß)

= {AC\(AVJB), a.r\(aKJb)} = {A,a} =a. Hence aPi(aVJß) = a in all cases.

Similarly aW(aP\/3) =a. Hence © is a lattice under the union and cross-cut

operations defined above. Clearly cOß if and only if A~2)B and a^b.

© satisfies the ascending chain condition. For let aiCo^C^C ■ • • be an

infinite ascending chain. We may assume that ai^z so that a\= [A\, a\]. But

then ^liC-^C^aC • • • and ßi^a2^a3^ • • • . Now n(Ai) <ai^ai. Hence

the chain ^4iC^2C • ■ 1 has only a finite number of distinct sets. Clearly the

chain 01^02^ ■ ■ ■ has only a finite number of distinct members. Thus the

chain aiCct^C ' ' ' nas only a finite number of distinct members.

Now let a be an ideal of © with elements ß, 7, 5, ■ • • . Then the set of

integers is either bounded or unbounded. If bounded, let a be the largest

of them. Now suppose that Br\Cr\D(~\ ■ ■ • is null. Then there exist a

finite number of them B, C, ■ ■ ■ , L whose cross-cut is null. But then a

contains z since a is closed with respect to finite cross-cut. Hence a = © in

this case. If 5PiCPi£>n ■ • • is not null, let A=Br\Cr\Dr\ ■ ■ ■ . Then

A =Br\Cf\ ■ ■ ■ r\L for a finite number of the sets and hence a' = {A, a'}

and a" = {A', a} are in a. But then a contains a = a'C\a" = {A, a] and ß'Da

for every /3£ct. Hence if the integers of the ideal are bounded, a is a principal

ideal. If the integers of the ideal are unbounded, then as before either a = ©
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or there exists a set A such that [A, a] is in a for each positive integer a and

j3D {-<4, a} for some a if ß£a. Hence the ideals of © have the form ct= {A, 00 }

if a is not principal. °o denotes the ideal of all positive integers. Clearly if

a and b are positive integers or co

\A C\ B, a(~\b) if 4 r\ £ is not null,

s if A A J is null,

{A\J B, aKJ b} if «04 U 5) < a U 6,

« if »01 U 5) g a \J b.

Theorem 7.1. © is a Birkhoff lattice.

Proof. We shall show that Bl holds in the lattice of ideals. Let a>aC\b.

If aHb = z, then AP\B is null. Since a>z we have a={(a), <x>\. But then

aVJb= {(a)U.B, <*\Jb) = {{a)\JB, b) and (a)\JB>B. Thus aUb>b. If
ar\br^z, then {^4, a} > {^4P\5, aOo} and hence either A >AC\B, a = a(~\b or

A = AC\B, a = {a(~\b)-\. In the first case A >AC\B^>A\JB>B 3,nda = aC\b
implies b = aVJb. Hence a\Jb={A^JB, a^Jb} = {AVJB, b}>{B, b} = b. If
w04W-B) ^o, then «(-B) =o — l and hence u>B. In the second case A =AC\B

^>A\JB=B and a>aC\b-*a = b-\. Hence uUb= {B, a} >b. Thus a>aHb

implies aWb>b and Bl holds in the lattice of ideals of ©.

The point ideals of 8Z are clearly the ideals p, = {(i), 00 }. Now piWp2W • ■ ■

= u and hence 8S = 8. The ascending chain biCpi^teOi^te^psC ■ ■ • has

distinct members and 82 is thus not archimedean. The point ideals pi, p2, • • •

are not independent since the union of any infinite set is u. However, every

finite set of the pt- is independent and thus generates a Boolean algebra. 2Z is

not complemented. For if p<Wa = M, then a = u and cOpi- The simple ideals

of 82 are the elements of the form {A, a} where n(A) =a — l. Clearly p, cannot

be represented as a cross-cut of simple ideals. Hence it is not true that every

ideal of %z may be represented as a cross-cut of simple ideals. The irreducibles

of © are the simple elements of 22, namely, those elements {^4, a} with

»04) = a —1. Now let-<4 (be the set {l,2, • • •,* —■ • ■ ,k) 0=1, • • ■ ,k).
Then c<i= {A{, k\ is simple for each i and z=aiP\a2n • ■ • r\ak since

^4iP\^42P\ • • • r\Ak is null. This representation of z is clearly reduced. Hence

for any positive integer k>\, z has a reduced decomposition with k compo-

nents.

This example clearly indicates the complications that may arise if 2a is not

archimedean even though the ascending chain condition holds in @.

8. Example of a lattice satisfying E5 which is not a Birkhoff lattice. Let 5

be the set of elements pi, pi, pz, ■ ■ • . From the set of all subsets of 5 omit

those infinite sets which contain either pi or p2 but not both. Denote this

set of subsets by ©. @ is clearly closed under infinite cross-cut. Since © con-

tains a unit element, the union of any set of sets of © may be defined in terms

oPib =

a U b =
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of the cross-cut operation. © is thus a continuous lattice in which every ele-

ment is a union of points. Now consider A\Jp where .4£© and p is any

element of S. If A is finite, then clearly AVJp=A+p where + indicates set-

theoretic union. Also if A is infinite and contains both pi and pi, AKJp=A +p.

Now if A is infinite and does not contain pi or pi, then AKJp=A+p if

pr^pi, pi and AKJp=A+pi+pi Up=pi or p = p2. Now let A +P1+P2DBDA.
If B^A, then B contains pi or pi and hence contains both pi and pi by the

definition of @. Thus B=A+pi+pi. Hence in every case A\Jp>A if p(£A.

Now let/O-BD^inCand Cj*AC\C where A, B, Care in ©.Since every

element of © is a union of points and C^AC\C, there exists a point p such

that CZ)p,AC\cx>p. Set & = (^nC)VJ^. Then OGD^HCand Ci*AC\C.
Now 5UpD4n(5Ud)35 and 5Up^^n(5WCi) since otherwise A Z)B

VpDp and Ar\CDp which contradicts y!PiC£p. Since BKJp>B we thus

have B = A(~\{B\JCi) and hence E6 holds in ©.

In © let a be the ideal generated by the sets Ak = [pk, pk+u • • '• }

(& = 3, 4, 5, • • • ). Then by Theorem 2.1, there exists a point ideal p such

that (Op >z. Every set of © occurring in p contains an infinite number of ele-

ments. For suppose that <2£p and Q contains only a finite number of ele-

ments. Let k be the largest subscript occurring among the elements of Q. Then

z^rVli+Opnop which contradicts p>z. If QGp, then QV)pi~2>pi by the
definition of ©. Hence p^JpiZ^pi^Jpi^pi where pVJpi^pi<Jp2 and pAJpi^pi-

Thus p\Jpi>pi and hence © is not a Birkhoff lattice. If A~2>B and A^B,

let A Dp, B~x>p. Then A DBi>B where Bi = B\Jp. Thus © is an example of a

continuous point lattice in which covering elements exist and E5 holds, but

which is not a Birkhoff lattice. Whether or not an exchange lattice, i.e., a con-

tinuous point lattice satisfying E5 and a finite dependence axiom (Mac Lane

[l]) is a Birkhoff lattice is an open question.
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