IDEALS IN BIRKHOFF LATTICES

BY
R. P. DILWORTH(")

Introduction. In previous papers by the author (Dilworth [1, 2])(2) meth-
ods were developed for studying the arithmetical properties of Birkhoff lattices,
that is, the properties of irreducibles and decompositions into irreducibles.
These methods, however, required the assumption of both the ascending and
descending chain conditions. In this paper we give a new technique which is
applicable in general and which under the assumption of merely the ascending
chain condition gives results quite as good as those of the previous work. Now
the descending chain condition is equivalent to the requirement that every
ideal(?) be principal. Hence if the descending chain condition does not hold
we find it convenient to relate the arithmetical properties of the lattice to the
structure of its lattice of ideals. Furthermore since the Birkhoff condition it-
self may lose much of its force if the descending chain condition does not hold,
a lattice is defined to be a Birkhoff lattice if every element satisfies the Birk-
hoff condition(%) in the lattice of ideals. Hence if the descending chain con-
dition holds, this definition reduces to that used in the previous papers. In
the lattice of ideals, the existence of sufficient covering ideals to make the
Birkhoff conditions effective can be proved.

In D1 and D2 it was shown that the arithmetical behavior of an element a
was closely related to the structure of the quotient lattice &, generated by
the elements covering a. Here we make a similar correlation with the struc-
ture of the quotient lattice of ideals {, generated by the ideals covering a.
The important properties of &, follow from its finite dimensionality. ¥, on
the other hand is in general not finite dimensional and thus one of the essen-
tial problems of the present treatment is the proof of the archimedean char-
acter of €, in the cases of interest.

If the descending chain condition holds, the Birkhoff condition is equiva-
lent to Mac Lane’s point-free exchange axiom Es (Mac Lane [1]). Now Ejs is
independent of covering conditions, which suggests that it should be closely
related to the Birkhoff condition in the lattice of ideals. We show that the
Birkhoff condition in the lattice of ideals always implies E; and, if each prin-
cipal ideal is covered by only a finite number of ideals, the two conditions
are equivalent.
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In D1 it was shown that a lattice of finite dimensions has unique irreduci-
ble decompositions if and only if it is a Birkhoff lattice in which every modular
sublattice is distributive. This result no longer holds if we drop the descending
chain condition as we show by an example. However, by strengthening
slightly the condition that every modular sublattice be distributive, we have
the following theorem:

THEOREM 6.6. Let & satisfy the ascending chain condition. Then every ele-
ment of © is uniquely expressible as a reduced crosscut of irreducibles if and only
if the following conditions hold.

E;. (Mac Lane’s point-free exchange axiom.) e Db DaM¢, c#aM\c implies
that ci#aM\c exists such that ¢ DciDaMc and b=aMN(bJc,).

A. a\JbDxDaMb, aNx=bNx=aMb implies x =aMb.

If we go over to the lattice of ideals, E; may be replaced by the condition
that & be a Birkhoff lattice, and A, by the requirement that the ideals cover-
ing a principal ideal generate a Boolean algebra.

In D2, Birkhoff lattices in which the number of components in the irre-
ducible decompositions of each element is unique were characterized in terms
of the structure of the quotient lattices ©,. We prove here:

THEOREM 5.1. Let © be a Birkhoff lattice satisfying the ascending chain con-
dition and let { denote its lattice of ideals. Then the number of components in the
irreducible decompositions of each element of the laitice S is unique if and only if
the ideals covering any principal ideal of the lattice  generate a dense, modular
sublattice of L.

By means of ideal methods we give a new proof of the Kurosch-Ore de-
composition theorem for modular lattices in its most general form. The proof
rests on the fact that if an element of a modular lattice has a decomposition
into irreducibles then the sublattice generated by the ideals covering the ele-
ment is of finite dimensions.

Finally §§7 and 8 contain examples which show the complications which
may arise when the descending chain condition does not hold.

1. Notation and definitions. The fixed lattice of elements a, b, ¢, - - - will
be denoted by &. \U and M will denote union and cross-cut in place of the
symbols (,) and [, ] used in D1 and D2. D denotes lattice division. a=b is
defined by the two formulas a Db, dDa. If Db, a#b and aDxDb implies
a=x or x=>, we say that a covers b and write ¢ >b. Elements which cover the
null element z of a lattice are called points and elements covered by the unit
element « are said to be simple.

A lattice & satisfies the ascending (descending) chain condition if every
chain a:Ca:CasC - - - (@Da:DazD - - - ) has only a finite number of dis-
tinct elements. If both the ascending and descending chain conditions hold,
& is said to be archimedean or of finite dimensions.
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Throughout the paper we shall be particularly interested in lattices which
satisfy the following weak form of the modular axiom.

B1. a>aNb—a\Jb>b(%).
Another form of B1 is the following:
B1l’. b>a,cDa, cPb—bUc>c.

If B1’ is satisfied for a given a and any b and ¢ we say that a satisfies the
Birkhoff condition in &. Hence B1 holds in & if and only if each element of &
satisfies the Birkhoff condition.

We state now some lemmas on elements satisfying the Birkhoff condition
which are refinements of Lemmas 3.1-3.3 of D2.

LemMA 1.1. Let a satisfy the Birhoff condition in © and let ay, - - - , ar>a.
Then each union independent(®) set of the a; is contained in a maximal inde-
pendent set.

The usual proof is valid under the weaker hypotheses of the lemma.

LEMMA 1.2. Let a satisfy the Birkhoff condition and let ay, - - - , ax>a. Then
each union independent set of the a; generates a Boolean algebra.

We note that the usual proof (for example Theorem 2.3 of D1) is not valid
in this case since it depends upon the existence of a rank function. Under the
hypotheses of the lemma, complete chains need not have the same length and
hence a rank function will in general not exist.

Now let 4 and B be two arbitrary subsets of the set {al, cee, ak}. Let
Z(A4) denote the union of the elements of A and denote the set-theoretic union
and cross-cut of 4 and B by A\UB and AN B respectively. We shall show that

(1) 2(4) NZ(B) = (4 N B).

Let u(4) denote the number of elements in A and set v(4)=k—pu(4). If
v(ANB) =0, then u(ANB)=Fk and 4 =B. Hence (1) holds. If »(4dNB) =1,
then either A DB or BDA and again (1) holds. Now let (1) hold for all 4
and B such that »(ANB)<!. Let v(ANB)=I for some 4 and B. Then

w(ANB)=k—Il=r. Hence A = {a,, C e By Byttt ,a.} and B= {a;, cee,
Qry Qiy1y * -+, QL } Since (1) is trivial if BDA, we may assume that s >r. Let
B'= {al, c ey Qry Gyl Gl G } Now u(ANB’)=r+4+1 and hence

v(ANB'Y=k—(r+1)=1l—1<I]. By the induction assumption Z(4MNB’)
=Z(A)NZ(B'). Thus Z(ANB)=Z(A)NZ(B')DZ(AYNZ(B) DZ(ANB).

(%) — denotes formal implication.
() A set of elements xy, - - -, x, is said to be union independent or simply independent if
o\ - Ur Jx - - -\Uxa Dy, i=1, - - -, n. Similarly the set is said to be cross-cut in-

dependent if x: D\ + - - NNz -+ - Ny, 5=1, - - -, .
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Since ai, - -+, ai are independent we have Z(ANB)Da,.: and hence
Z(ANB)=a, 1\ JZ(ANB)>Z(ANB). If Z(ANB)=Z(4)NZ(B), then
2(B) Darq1 contrary to the independence of ay, - - -, ax. Hence Z(4)MNZ(B)

=Z(ANB). Thus (1) holds for (AN B) =!I and by induction (1) holds for all
A and B. Clearly Z(4)\UZ(B)=Z(A\UB). If 2(4) =Z(B), then A =B by the

independence of a1, - - -, ax. Hence the elements which can be expressed as
a union of the a; are isomorphic to the subsets of a,, - - -, ¢ under union and
cross-cut and thus a,, - - -, a5 generate a Boolean algebra. This completes the

proof of the lemma.

LeMMA 1.3. Let a satisfy the Birkhoff condition and let ay, - - - , ax>a. Then
any two maximal union independent sets of the a; have the same number of ele-
ments and any element of one set may be replaced by a suitably chosen element
of the other without altering the maximal property.

The usual proof is valid in this case.

LEMMA 1.4. Let a satisfy the Birkhoff condition and let a,, - - - , ax>a. Then
any chain joining a\J - - - \Uay to a has not more than k-1 distinct members.

We may clearly suppose that a;, - - -, @ are independent. Let a =b,Cb,
Cbh.C -+ - CbiaChi=a;\J - - - Ua; be a chain joining a;\J - - - Uay to a
having /41 distinct members and let us assume that /> k. Clearly by <b\Ja,
< s <bJalJ - - - Ui <ai\dJ - - - Uay by the Birkhoff condition. Now
suppose that it has been shown that aCoiC - - - Cb:<b;Uai< - - - <b;\Uq,
U - Uag,aa<al\J - - - Uay, where kB;k—1 and ¢ <k. Consider the chain
aChC - - CbiChinnChil\JaiC - - - Chii\JaiJ - - - Uar,1Cail\J - - -Uay.
Let us assume that all of the members of this chain are distinct. If
b:\Ja;,\J - - - Uar, 1 Pbiyy, then a,\U - - - UarDein\Jai\J - - - Uar,_1 Db:\Jay
U - Uag,and b\ Ja\J - - - Uag,1#0:;Ja\J - - - Uag, . Buta,U - - -
Uar>b:\Ua\J - - - Uag,1 and hence a,\J - - - Uar=b;,\Jal\J - - - Uay,
contrary to our assumption. Thus 5;\Ua,\J - - - Ua,_1Dbip. If 5, Ja,\J - - -
Uak,._z:])b,-.,.l, we have biU(hU LR Uak‘_lDb;HUalU LR Uak,.-2Db,~Ua1
U - - - Uag,e. But 5:,Ua\J - - - Uag,1>0:.Ja\J - - - Uag,_2 and hence
b:Ua\J - - - Uag,1=bi1\Ja,\J -+ - Uag, s contrary to our assumption.
Thus 5,Ua,\J - - - Uag,_2 Dbiya. Continuing in this manner we eventually
have 5,\Ja1Db;1. But then 5,\JaiDbi11Db; and bip#b;. Hence bipy=0:Ua,
=b;;1\Ua, which contradicts our assumption. We conclude, then, that at least
two members of the above chain are equal. Thus (renumbering the a’s if
necessary) using the Birkhoff condition we have a Cb:C - - - CbiCbi1<bina
Uag, < - - - <b,~+1Ua1U .. Uak,.+1_1<a1U - - - Uar where ki+1§ki—1§k
—(¢+1). By induction, we get a=beCb:C - - - Chr1<ar\J - - - Ua; where
r<k. But then b,=a,\U - - - Uay and hence r =1 which contradicts I > k. Thus
1<k and the lemma follows. '
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The dual of condition B1 is the condition
B2. a\Ub>b—a >aMb.

G. Birkhoff (Birkhoff [2]) has proved the following lemma which relates
B1 and B2 to modularity.

LeEMMA 1.5. An archimedean lattice © is modular if and only if B1 and B2
are satisfied. :

2. Lattice ideals. A sublattice a of & is said to be an ideal if xDa, aEa
implies x € a. If a consists of all elements x such that x Da for a fixed a, then a
is said to be a principal ideal and we write a=(a). Now suppose that & satis-
fies the descending chain condition. Then the set of elements in a has a cross-
cut which can be expressed as a cross-cut of a finite number of them and hence
belongs to a. Thus a consists of all divisors of a fixed element of & and hence
is principal. Conversely, if every ideal of & is principal, then a descending
chain @;Da:D - - - generates an ideal a which consists of all x such that
x2ay for some k. But then a=(a) and aDa; for some k. Hence a=ays
=arq1= - - - and every descending chain has only a finite number of dis-
tinct elements. We thus have

LeEMMA 2.1. & satisfies the descending chain condition if and only if every
ideal is principal.

The set of ideals of & will be denoted by L.

DEFINITION 2.1. The union a\Jb of two ideals a and b is the set of all ele-
ments x such that x Da\Jb for some a Ea and bE V. Similarly the cross-cut aMb
s the set of all elements y such that y DaMb for some a&a and bED.

It is readily verified that the union and cross-cut so defined are ideals and
that { is a lattice under these operations. The union a\Ub is simply the set-
theoretic cross-cut of a and b.

The definition of cross-cut may be readily extended to any subset S of L.
I1(S) consists of all elements of & which belong to the cross-cut of a finite
number of ideals of S. If & has a unit element %, the union Z(.S) is also defined
and is simply the set-theoretic cross-cut of the ideals of S.

If o and b are principal ideals a=(a) and b=(b), then by Definition 2.1
aUb=(a\Ub) and aMb=(aMb). Hence the set of principal ideals forms a sub-
lattice of € which is isomorphic to € and we may thus consider & as a sub-
lattice of L.

LeEMMA 2.2. 8 is a modular (distributive) if and only if & is modular (dis-
tributive).

Since @ is a sublattice of &, the modularity (distributivity) of  implies
the modularity (distributivity) of &.
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Now let & be distributive and let x & a\U (6N ¢). Then x Da'\J(bM\¢c) where
a€q, bEband cE ¢ by Definition 2.1. But then x Da\J(bMc) D (a\Ib)MN(a\Jc)
since & is distributive and hence x & (a\Ub)M(a\J¢). Thus a\U(bM¢) D(a\Jb)
N(aUc). But (a\Ub)N(aU¢) DaU(bN\¢) trivially. Hence 2 is distributive.
Now let & be modular. Suppose a Db and x&bU(aM¢). Then xDb\J(aMc)
where aEa, bED and cE ¢ by Definition 2.1. Now since a Db we have a Db,
where b, &b. But then x D (b/M\b;)\J(aMc) and a DbMb; where b/ \bED. Hence
xDaN((bMby)\Jc) since & is modular and x&aMN(b\Uc). Thus b\J(aM¢)
DaN(bUc) and since aM (b ¢) DU (aM¢) trivially, & is modular. This com-
pletes the proof.

LEMMA 2.3. Let aDbD - - - DuD - - - be a chain of ideals such that uD(a)
and us(a) for all ideals of the chain. Then if p is the cross-cut of the ideals of the
chain, D (a) and p#(a).

We note that p is the set-theoretic union of the elements of the ideals
a,b,---,u,---.Forif x&p, then x divides a finite cross-cut of the ideals of
the chain and hence divides some ideal of the chain. Now suppose p=a. Then
a€p and a€u for some u. But then u=(a) contrary to assumption. Hence
p#a.

The results so far have been independent of the well ordering hypothesis.
However, to prove the fundamental property of the ideals we must assume
that the elements of & can be well ordered. This will be assumed through the
remainder of the paper.

THEOREM 2.1. Let D (a) and b7 (a). Then there exists an ideal p such that
bDp>(a).

Proof. Let U be the set of all elements x such that x Da. Let U be well
ordered, U= {x,,}, v<o. Define ag=0. Now suppose that a, has been defined
for all u<» in such a way that a,(a), a,Da, if u=u’, and a,Nx,=a, or
a,Nx,=a. Let ¢, be the cross-cut of all a, with u <v. Then ¢, (a) by Lemma
2.3. If ¢Nx,#(a), let a,=c¢,Nx,; otherwise let a,=¢,. Then a,7(a) and
a,0a, all u<v. Clearly a,N\x,=a or a,. Now let p=II,c,a,. Then p#a by
Lemma 2.3 and 6Dp. If pDaD(a) and p=aq, there exists an element xEa
such that x&p. Since x Da we have x =x, for some ». But then a,/MN\x=a since
otherwise x,Da, Dp which contradicts x&p. Thus e =a,NxDpNa=aDa and
a=(a). Hence p >a.

In the special instances of Boolean algebras and distributive lattices,
Theorem 2.1 gives respectively the existence of the prime ideals of Stone
(Stone [1]) and the maximal collections of Wallman (Wallman [1]).

We next prove a theorem which enables us to pass from ideal relations to
the corresponding element relations. The following lemma is required.

LEMMA 2.4. Let a=a(ay, - - -, a.) be an ideal obtained from the ideals
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ay, * -, Qs by forming a finite number of unions and cross-cuts. Then if xEq,
there exist elements ay, - - - , Gy, A;E a3, such that xDalay, - - -, @n).

For let #n(a) denote the number of union and cross-cut symbols in the ex-
pression a(ay, - - -, a,). Suppose that the lemma is true for all expressions a
for which n(a) <k. Let n(a) =k. Then a=a; 0 a; where o is either N or \U and
n(ay) <k, n(as) <k. Now if xEa we have x Dx; 0 x, where x;Ea; and x:Ea; by
the definition of union and cross-cut. But then by the induction assumption

elements a/, - - -, a. and a{’, - - -, a4’ exist such that x;Dai(af, - - -, ard),
xDazxal , -, ai'). Let a;=a!MNa!’. Then xDx10x:Daa(ed, -+, ad)
oaal , - ,ad")Dai(ay, - -+ ,a,) O azay, - - - ,an)=a(a, - - -, a,) and a;is

clearly in a;. Since the lemma is trivially true when #(a) =1 by Definition 2.1,
the proof is complete.

THEOREM 2.2. Let (@) =a(ay, - - -, a,) where a is obtained from ay, - - -, @,
by forming a finite number of union and cross-cuts. Then (a)=a(as, - -+, @n)
where a; € a;.

Proof. By Lemma 2.4 ae¢Da(ai, - -, a,) where a;€a; But then
a(ay, - - -, as) Dalay - - -, a.)=(a). Hence (¢)=a(ay, - - -, an).
As an example, if a=a;N - - - MNa, then elements a;E a; exist such that

a=aiN - - - MNan.
We conclude this section with two useful lemmas on irreducibles(?).

LeMMmaA 2.5. If g is irreducible in &, then q is irreducible in L.

For if ¢ is reducible in &, then g=aMb, a, b>#g. But then g=aMbd, e Caq,
bEb by Theorem 2.2. Clearly a¢q and b5£q. Hence ¢ is reducible in &. In-
verting the logic gives the lemma.

LEMMA 2.6. Let every element of © be expressible as a cross-cut of irreducibles.
Then if aDb, a=b, there exists an irreducible q of © such that ¢Ob, ¢ D a.

For since a>b, b exists such that b&b, b&a. Let b=qiN\ - - - Ng;. If
g:€a for every 7 then b&a contrary to assumption. Hence ¢;& a for some 1.
But then ¢; DbDb.

3. Birkhoff lattices. In D1 and D2 a lattice satisfying B1 was defined to
be a Birkhoff lattice. Since both the ascending and descending chain condi-
tions were assumed to hold, B1 was never satisfied trivially. Now in a suffi-
ciently general lattice no covering relations may exist and B1 will hold vacu-
ously. Hence we formulate a more general definition which reduces to that
used in D1 and D2 if the descending chain condition holds.

DEeFINITION 3.1. 4 lattice © is said to be a Birkhoff lattice if each element
of © satisfies the Birkhoff condition in the lattice of ideals.

(") An element g is said to be cross-cut irreducible or simply irreducible if g=a(\b—g=a or
* g=b. gis said to be union srreducible if g=a\Jb—g=a or g=b.
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A lattice © is never vacuously a Birkhoff lattice since by Theorem 2.1
covering ideals always exist. Furthermore if the descending chain condition
holds, then every ideal is principal and & is a Birkhoff lattice if and only if
B1 holds in &.

Now if © has a unit element # and a is any element of &, then the union
of the ideals covering a exists and will be denoted by u,. Let ¥, denote the
quotient lattice of all ideals of  which are divisible by u, and which divide a.
Then L, is a dense sublattice of & and every proper divisor of @ in € divides
some point ideal of &, by Theorem 2.1. Clearly ®, reduces to the sublattice &,
of the previous papers if the descending chain condition holds. The essential
properties of &, followed from its finite dimensionality. But £, is in general
not finite dimensional. However we now prove a theorem which insures the
archimedean character of €, in most cases of arithmetical interest. We need
the following lemma:

LEMMA 3.1. Let © be a Birkhoff lattice. Then if \, - - -, P& is @ maximal
independent set of point ideals of L., the length of any chain of &, is not greater
than k.

Since the length of any chain is one less than the number of distinct mem-
bers of the chain, the lemma follows immediately from Lemma 1.4 and Defini-
tion 3.1. :

According to Lemma 3.1, &, is archimedean if and only if u, can be ex-
pressed as a union of a finite number of point ideals of L.

THEOREM 3.1. Let © be a Birkhoff lattice in which every element may be
represented as a cross-cut of irreducibles. Then &, is archimedean if and only if
the number of components in the irreducible decompositions of a is bounded.

Proof. Let the number of components in the irreducible decompositions
of a be bounded, say less than #. Then if £, is not archimedean, by Lemmas
1.2 and 3.1 there are # union independent point ideals py, - - - , p, of 8, which
generate a Boolean algebra. Let a;=p,\J - - - Up,,UpiaJ - - - Up,. Then
a=mM -+ - Na,. Hence by Theorem 2.2 a=a1" - - - Ma, where a;Ea;. Now
let ai=qgaM\ - - - Mgix; where gq, - -+, qir;, are irreducibles of &. Then
a=quM\qiM - - - Mgur, and this representation may be reduced(®) by drop-
ping our superfluous irreducibles. However not all of the irreducibles belong-
ing to any one a; may be dropped out since otherwise a=guM\ - - - Mg,
Dalf\ s f\ai_lf\amf\ s f\a,,Dalf\ LI f\af_lf\a;+1f\ s ﬂanDpi
contrary to p; >a. Hence ¢ has a decomposition having at least » components.
But this contradicts our assumption that the number of components is less
than n. Hence &, is archimedean and of length less than #.

On the other hand let the number of components be unbounded. Then for

(8) A representation a=a;/ \as/\ - - - (Na. is said to be reduced if ai, - - - , @ are cross-cut
independent.
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every k there is an irreducible decomposition =g - - - Mg, with n=k.
Let ¢/ =@ - - - NgieiMNgiaN - - - Mga. Then g/ Da and ¢! #a since the
representation is reduced. Hence ¢/ Dp;>a by Theorem 2.1. Suppose
U - UpisUpiaU - - - U Dpe. Then ¢ Dgf U - - - UglUgla\J - - -
Ugd DpiJ - - - Upid\Upadl\YJ - - - Up, Dys and @ =¢:M\g! Dyp; which contra-
dicts p;>a. Thus py, - - -, p. are union independent. Hence for every k there
are more than 2 union independent point ideals of £, and &, is not archi-
- medean.

If €, is archimedean it has some simple structure properties which follow

from the Birkhoff condition.

THEOREM 3.2. Let © be a Birkhoff lattice. Then if L, is archimedean, it is
complemented and every ideal can be expressed as a cross-cut of simple ideals.

Proof. Let aE€%, and let py, - - -, px be a maximal independent set of point
ideals of £, divisible by a. Imbed py, - - -, px in a maximal independent set
Py, c -+, Pne Let @/ =px\J - - - Up,. Then aUa’Dp\J - - - Up, Du,. Hence
a\Ja’=u,. Now suppose that aMa’a. Then aNa’Dp>a by Theorem 2.1.
Since aDp we have p,\J - - - Up,Dp by the maximal property of py, - - -, px
and a= M\ - - - Upr)N\a’Dp, which contradicts p >a. Hence aMa’=a and
L, is complemented.

Now let q be irreducible in £,. Let py, - - -, px be a maximal independent
set of point ideals of &, divisible by q and let this set be imbedded in a maxi-
mal independent set p;, - -+, Px, -+, Pn. Then qPPass, - - -, pn and hence
qUp:>q, i=k+1, - - -, n, by B1’. But since q is irreducible in &, we have
qUppp= - - - =qUp,. Hence u,=qu,=qUprnV - - - UqUp.=qUprn1
> q. Thus each ideal which is irreducible in £, is a simple ideal of £, and since
{, is archimedean each ideal of €, can be represented as a cross-cut of simple
ideals.

If 2, is not archimedean it will in general neither be complemented nor
will every ideal be expressible as a cross-cut of simple ideals(?). In the archi-
medean case an arbitrary complement of a in £, will be denoted by a’.

DEFINITION 3.2. An ideal c#u, of %, is said to be characteristic if there exists
an irreducible q of © which divides exactly the same point ideals of R, as c.

THEOREM 3.3. An element a E© has a reduced representationa=qi"\ - - - MN\qn

where q1, + -+, @n are irreducibles if and only if a has a reduced representation
a=aMN - - MNcawhere ¢y, - - -, Ca are characteristic ideals of R, such that ¢; D ¢;.
Proof. Let a=¢:/" - - - Mg, be a reduced representation of a as a cross-cut

of irreducibles. If g;Du, for some ¢, then ¢\ - - - Ngi_NgeaN - - - Ng Dds
>a and hence a=¢:" - - - Mg, DPpi>a, which is impossible. Thus g; Du,. Let
¢; be a characteristic ideal associated with g¢;. There is always at least one

(®) See §7 for an example.
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such ideal, namely, the union of the point ideals of &, divisible by g¢.
Now a=¢iN\ - - - Ng.DaN - - - MNepDa implies a= M - - - Mcq. Suppose
(D ITATRRN AT AR c,~+1f\ -+« Mcp. Then g.ﬂ ce f\qi_lf'\q;“ﬂ R f\qn
Dp;>a implies ¢/ - - - MNcicN G - - - M Dpi. But then e=c¢MNa
M- NN e - - - M, DPp; which is impossible. Hence the representa-
tion a= ¢/ - - - M, is reduced.

Now let a=¢/M - - - M¢, where ¢, - - -, ¢, are characteristic ideals and
the representation is reduced. Let gy, - - -, g. be associated irreducibles. Sup-
pose g1\ - - - Mg Dp>a. Then a=cN - - - Me.DPp>a which is impossible.
Hence a=q¢iM - - - Mga. It follows easily that this representation is reduced.

The characteristic ideals of €, can be characterized in terms of the struc-
ture of € as follows:

THEOREM 3.4. Let © be a Birkhoff lattice in which each element can be ex-
pressed as a cross-cut of irreducibles. Then if &, is archimedean, c is characteristic
if and only if there exists an ideal tER such that tD¢, /\Jr>r and ¢/Nr=a
for every ¢’.

Proof. Let us first assume that such an ideal ¢ exists. Then u,\Jr=c\U¢'Ur
= ¢/Ut. Let ¢ be an irreducible such that ¢Dt, ¢Pu.\Jr (Lemma 2.6). Since
gD1rD¢, g divides every point ideal of €, which ¢ divides. Now let ¢Dp. Then
if tDp we have ¢/Ur=u,JrDpUrDr and pUr#zr. Hence ¢/Ur=pUr and
¢DpUrD ¢'Ur which contradicts the definition of ¢. Hence tDyp. Now if ¢Dy,
then ¢’ Dp for some ¢’. But then ¢ = ¢’ Dp which is impossible. Hence ¢ Dp
implies ¢ Dy and c is thus characteristic.

On the other hand let ¢ be characteristic and let ¢ be an irreducible asso-
ciated with ¢. Then ¢\U¢’ > g for every ¢’. For there is a point ideal p such that
¢’Dp, ¢Dp since otherwise we would have ¢’=a and ¢=1, contrary to the
definition of a characteristic ideal. Now ¢\Up=¢\Ju, > ¢ since g is irreducible
in € by Lemma 2.5. Hence ¢Uu,=¢Uc¢'=¢\Up>q. Now if ¢'Mg=%a, then
¢/MNgDp>a and hence ¢’ Dp, ¢Op by Theorem 2.2. But then ¢Dp and hence
a= ¢\ ¢’ Dp which is impossible. Thus ¢’MNg=a for every ¢’.

COROLLARY 3.1. Each simple ideal of &, is characteristic.
We may take t to be the simple ideal itself.

THEOREM 3.5. Let © be a Birkhoff lattice in which each element can be ex-
pressed as a cross-cut of irreducibles. Then if R, is archimedean, each characteris-
tic ideal ¢ of R occurs in a reduced representation a= ¢\ - - - (N, where k
1s the number of maximal independent point ideals divisible by cand ¢y, - - -, Ck
are characteristic ideals of L.

Proof. Let p;, - - -, px be a maximal independent set of point ideals of £, di-
visible by ¢. Imbed py, - - -, prin a maximal independentsetp;, - - -, P&, * - *, Pn.
Let ¢;=p\J - - - UpiaaUpidJ - - - UpeJ - - - Up,, 2=1,---, k. If eNe
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N - - Nep#£a we have ¢ - - - Ny Dp>a and ¢ Dy implies p\J - - -
UpxDp. But then a=(m\V - - - Upe)N e - - - M Dp which is impossible.
Hence a=c¢NeaM - - - Meg. Also since ¢MNed - - - MM Gl - - - Mgy
Dp; the representation is reduced. Since ¢y, - - -, ¢; are simple ideals of &,,
they are characteristic by Corollary 3.1.

COROLLARY 3.2. Let © be a Birkhoff lattice in which every element can be
expressed as a cross-cut of irreducibles. Then if R, is archimedean of length k,
a has a reduced decomposition into irreducibles with k components.

For by Lemma 1.2 and Theorem 3.4, a has a reduced representation as
a cross-cut of k characteristic ideals of .

LeEMMA 3.2. Let © be a Birkhoff lattice and let &, be archimedean for some a.
Then &, is modular if and only if it satisfies B2.

For let &, satisfy B2 and let q be a union irreducible ideal of 2,. If 8D g
and 8 is a simple ideal of 8, we have q>q/M\8 by B2. Hence since q is union ir-
reducible we have gN\8=qM8’ for any two simple ideals 8 and 8’ which do
not divide q. Leta =8, - - - M8, where 8;, - - -, 8:07; 8141, - - -, 8. D q. Then
a=qNa=qMN\&/MN - - - NE,=(qMN81.)M - - - MN(gMN8&,) =qMN8;.1<q. Hence g
is a point of ¥, and every ideal of &, is a union of point ideals. Now let a > a/Mb
in .. Then since every ideal is a union of pointideals, there exists a point ideal
p such that aDp, aN\bDyp. But then a=(aNb)Up. Hence a\Ub = (aNb)\Up\Ub
=p\Ub>Db since & is a Birkhoff lattice. Thus B1 and B2 hold in &, and &,
is modular by Lemma 1.5. Conversely, if £, is modular, then B2 is satisfied
by Lemma 1.5. This completes the proof.

According to Theorem 3.1, if every element of a lattice & has a decom-
position into irreducibles and the number of components in the decompositions
of a is bounded, then &, is archimedean. This result can be sharpened con-
siderably if & is modular.

LeMMA 3.3. Let © be a modular lattice. Then if an element a has a decom-
position into irreducibles, &, is archimedean.

Forleta=gMN - - - Mg where ¢y, - - -, gx are irreducible. Since & is mod-
ular, € is modular by Lemma 2.2. Now if ¢; Dp where p>a, we have ¢\Up >gq;
and hence ¢;\Ju,>gq; since ¢; is irreducible. But then u,>u,Mg; since & is
modular. Thus each irreducible ¢; divides a simple characteristic ideal
¢;=¢:MN,. Since L is modular, we have uz>ca>caMNee> - - - >al ) - - Mg
=a. Hence &, is archimedean and the lemma is proved.

If & is modular and ¢ has two reduced decompositions into irreducibles,
then by Lemma 3.3, &, is archimedean and ¢ has two reduced representations
as a cross-cut of simple ideals. Now by Lemma 3.2, B2 holds in &, and hence
by the dual of Lemma 1.3 any two reduced representations of @ as a cross-cut
of simple ideals have the same number of components and any simple ideal
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of one decomposition may be replaced by a suitably chosen simple ideal of
the other. Thus by Theorem 3.3 and Corollary 3.1 we have the

KUROSCH-ORE DECOMPOSITION THEOREM. Let an element of a modular lat-
tice have two reduced decompositions into irreducibles. Then the number of com-
ponents in the two decompositions is the same and any component in one
decomposition may be replaced by a suitably chosen component of the other.

4. Lattices with unique decompositions. This section will be devoted to
the proof of the following theorem:

THEOREM 4.1. Let & satisfy the ascending chain condition. Then each element
of © has a unique representation as a reduced cross-cut of irreducibles if and
only if © is a Birkhoff lattice and L, is a Boolean algebra for each a.

We begin with a series of lemmas, the first of which proves the necessity
of the conditions of the theorem.

LeMMA 4.1. Let © satisfy the ascending chain condition and let each element
have a unique representation as a reduced cross-cut of irreducibles. Then & is a
Birkhoff lattice and L. is a Boolean algebra for each a.

For let b>a, ¢Da and c¢Pb. If BUcrc we have 8Uc¢DdD ¢ where
b\Ucs£ b5 c. Since dD b, there exists a dE b such that dDb. Since b= ¢, there
exists a ¢ such that c€¢, d D¢, and ¢ D d. Furthermore since ¢D b there exists
an irreducible ¢, such that ¢. D¢, ¢.Pd (Lemma 2.6). But then 62bMNg.Da
and if b =bM\gq, we have ¢, Db\ c¢Dd which contradicts g.D . Hence a =bg..
Similarly there exists an irreducible g4 such that g Dd and @ = bM\gs. By Theo-
rem 2.2 we have a=b."\¢q. and a =biMN\gqs where b., bsEb. Let b=5b,N\bs. Then
bEband a=bNg.=bMNgy. Let b=g:MN\ - - - Mgx. Then a has two reduced rep-
resentations a=¢;,MN - - - MNgiyMN\gs=g;;N\ - - Mg;,MNga. Now ¢.gs since
otherwise ¢. Db and g.7g;, since otherwise ¢. Db\Jc¢Dbd contrary to ¢.Db.
Hence a has two distinct reduced representations as a cross-cut of irreducibles
which contradicts our hypothesis. Thus B\U¢> ¢ and hence each element of &
satisfies the Birkhoff condition in the lattice of ideals.

Now since each element has a unique decomposition into irreducibles, the
number of components is obviously bounded and hence €, is archimedean
by Theorem 3.1. Let py, - - -, p» be a maximal independent set of point ideals
of ,. Then py, - - -, prgenerate a Boolean algebra with simple ideals 8, - - -, 8.
81, - - -, 8x are clearly simple ideals of £, and hence are characteristic ideals
by Corollary 3.2. Thus @ has a decomposition a=g1M - - - Mg where ¢;:D8;
(Theorem 3.3). Now suppose there is a simple ideal 8 distinct from 8;, - - - , 8;.
Let ¢D8, ¢Du,. Then g is a component of a by Theorem 3.5 and hence ¢=g;
for some 7 since a has but one reduced decomposition into irreducibles. But
then ¢ D8\U8; =1, which is impossible. Hence 8,, - - - , 8; are all of the simple
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ideals of &, and since each ideal of {, can be expressed as a union cross-cut of
simple ideals, £, is simply the Boolean algebra generated by p;, - - -, s

LEMMA 4.2. If R, is a Boolean algebra, then it is archimedean.

For if €, has an infinite number of point ideals, let pi, ps, 93, - - - be a de-
numerable sequence of point ideals. Let p/ =p.\Up\J - - - Up;yUpilJ - - - .
Then since €, is a Boolean algebra we have a=p{ Mps M - - - . But since the
cross-cut of an infinite number of ideals consists of all elements contained in
finite cross-cuts a=p{ Mpd M - - - MNpy for some k. Then ¢ Dpr+1 which con-
tradicts pr11>a. Hence ®, has only a finite number of point ideals and thus
is archimedean.

LeMMA 4.3. Let © be a Birkhoff lattice in which each &, is archimedean.
Then if every three ideals covering a principal ideal generate a Boolean algebra
of order eight, &, is a Boolean algebra for each a.

For let the hypotheses of the lemma be satisfied and let every three ideals
covering a principal ideal generate a Boolean algebra. We show first that the
ideals of any finite set of ideals covering a principal ideal are independent.
Suppose that for any a every k—1 ideals covering a are independent. Let
P, - -+, i be k distinct ideals covering a. If py, - - -, px are not independent
let p\JUpsU - - - Upea D say. Now pi\UpiDpe, - -+, Pict, Pign, - 5 D
(=2, - - -, k) since every three ideals covering a generate a Boolean algebra.
Hence elements x;; €, exist such that x:,;\Jp; Dp; (=2, - - -,i—1,i+1, - - -, k;
i=2, -, k). Let x =293M\%2sN\ - + - Nx 1. Then xEp; and xUp; Py, - - -,
Pic1, Diss, - -, P (3=2,- - -, k). Clearly xDps, - - -, pi. Hence pf =x\Up,
>x, -, ph =x\Jpr,>xand ps, - - -, pi are distinct. Thus by the induction
assumption ps, - - -, p{ are independent. But ps U - - - Up/_1 DxUp\J - - -
Upi1 DaxUplJ - - - Upp1 Dx\Upr=p¢ which is contrary to the independ-
ence. Hence the independence of any finite set of covering elements follows
by induction.

Now let aER, and let py, - - -, pr be a maximal independent set of point
ideals of &, divisible by a. Imbed p,, - - -, px in a maximal independent set
Py, -y Pe - o, Pa. Set b=p,U - - - Up,. Then aDb. If 5D a, there exists an
element ;€0 such that & Da. Now bUpei Dpey; G=k+1, - - -, k+i—1,
E+i+1,---,mn;4=1,-- -, n—Fk). Hence as above there exists an element
b€ b such that bs\Upiyi Ppesj, i5%7. Also a=a\JbDpiys, - - -, pa. Hence an
element bsEb exists such that a\UbsDpri, - -+, Pn. Set b=51M\boN\bs. Then
bEB,b:D a, bUpk+;j)pk+f,i;éj, and an:Dpk+lr sy Pae Clearly b:Dpk+1v c oty Pre
Hence p/y1=0Upx1>b, - - -, pd =bUp,>b and piyy, - - -, b are distinct.
Let 8JaDp>b. Then p is distinct from P4, - - -, pa. For if p=p/,;, then
b\ JaDprys contrary to the definition of 5. Thus by the result of the above
paragraph p, P41, - - -, b/ are independent. But pi\J - - - Upt =bUpipa
U - - Upe=bUpY - - - Up,Db\JaDp which is impossible. Hence a =5 and
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{, is a point lettice. But then the point ideals of €, are independent and gen-
erate ¥,. Thus ¥, is a Boolean algebra by Lemma 1.2.

LeMMA 4.4. Let © be a Birkhoff lattice satisfying the ascending chain con-
dition in which every three ideals covering a principal ideal generate a Boolean
algebra. Let q be an irreducible of © such that ¢gDa; b, c>a and b= c. Then either
gObor gDe.

Let us suppose that for some a we have ¢Da; b, ¢>a, b#¢, gPband ¢De.
We shall show that a proper divisor a’ of @ exists with the same properties
and hence the lemma follows from the ascending chain condition. Now g=a
since otherwise ¢=Db/M\¢ contrary to the irreducibility of ¢. Hence ¢ Dp>a by
Theorem 2.1. Clearly p>#b, ¢ since otherwise ¢ Db or ¢ D¢. Hence p, b and ¢
generate a Boolean algebra. Since p\UbD ¢ there exists an element pEp such
that p\UbDc. Since gDy, there exists an element p’Ep such that gDp’. Let
a'=pMNp’. Then a’Epand hencea’#a. Clearly ¢ Da’. Let b’ =a’\Ub, ¢/ =a’Uc.
Then b’ >a’ and ¢’ >a’ by the Birkhoff condition. If b’ =¢’, then p\UbDa’Ub
D¢, which contradicts p\UbD ¢. Hence b’ ¢’. Since ¢D b, ¢D ¢ we have gDV,
gD c’. Thus a’ is a proper divisor of @ with the desired properties.

LEMMA 4.5. Let © be a Birkhoff lattice satisfying the ascending chain condi-
tion tn which every three ideals covering a principal ideal generate a Boolean
algebra. Then if a has a reduced representation a =g\ - - - (\qk, &a s archi-
medean of length k and each g; divides a simple ideal of ..

For let a; be the union of the point ideals of £, which are divisible by g..
Then a;7u, since q; is a characteristic ideal of ®,. Now let p, p’ be any two
point ideals of &, which are not divisible by a;. Then a;\Up >a; and a;\Up’ >a;
by the Birkhoff condition. Now suppose that a;\JpDy’. Then there exists an
element a; € q; such that a;\UpDy’. Since g; D a;, there exists an element a;Ea;
such that g¢;Das. Let a;=ai1MN\as. Then ¢;Da; and a;\JpDy’. Clearly a;Dyp’.
If a;Dp, then ¢;Dp and a;Dp contrary to assumption. Hence a;\JUp>a;,
a;\Jp’ >a; and a;\Ups%a;Up’. Since ¢;Da; by Lemma 4.4 we have either
¢:Dai\Up or ¢;Da;\Jp’. Hence ¢:Dp or ¢;Dp’. But then a;Dp or a;Dp’ con-
trary to assumption. Thus a;\UpDp’ and a;\Up=a,;\Up’ for every pair of point
ideals of &, not divisible by a;. But then a;\Up=a;\Ju,=u, and u,>a;. Hence
a; is simple and each g¢; divides a simple ideal of &,.

Now let bp=u, and let b; denote the union of the point ideals of 8, which
are divisible by ¢i, - - -, g;. Then by=aqa; and b >a; by the result we have just
obtained. Clearly 51_13 bl. If b1_1= bz, let qlf\ e ﬂql_lf\qH_J\ LR f\qk
DY >a. p; exists since the representation is reduced. Now g1\ - - - Mgi_1 D
and hence b;,_i Dp;. But then b; Dp;and hence ¢; Dpi. Thusa=¢:M - - - NgrDP:
which is impossible. Hence b;_1b;. Now let p and »’ be two point ideals di-
visible by b;_; but not by b;. If 5,\Ups£b,Up’ there exists an element ;& b,
such that ¢; Dby, 5,;\Jp>b;, b,\Jp’ >b; and b,\Jp=b,Up’. But then ¢;Db,\Jp
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or ¢;Db\Jp’ by Lemma 4.4. Hence either b; Dp or b; Dy’ which is contrary to
assumption. Hence b;\Up="0,Up’ for every two point ideals of b;_; which are
not divisible by b;. Thus b,\Up=50,Ub;_1=0b;_; and b;_1>b; by the Birkhoff
condition. Hence we have the chain u,>0,>b;> - - - >b;. But by=a and the
lemma follows from Lemma 3.1.

LEMMA 4.6. Let © be a Birkhoff lattice satisfying the ascending chain condi-
tion in which every three ideals covering a principal ideal generate a Boolean alge-
bra. Then each a ES has a unique reduced representation a=q/ - - - MNqx
where qu, - - - , Qi are irreducibles. R, is a Boolean algebra of order 2* and each q;
divide$ a simple ideal of L.

It follows from Lemmas 4.3 and 4.5 that £, is a Boolean algebra of order 2.
¢; divides a simple ideal 8; of &, by Lemma 4.5. Now let a=¢g{ M - - - Ng{
be a reduced decomposition of a. By Lemma 4.5, I=% and ¢/ divides a simple
ideal 8;. Let b=g! Mg;. Then D8;, and bDu,. Let 8, Dp>a. Then u,=8;Up
and 8Up=>0U8;\Up=>50Uu,>b by the Birkhoff condition. If ¢;>25b, we have
g;Dp;>b and p;#=p\Ib since otherwise ¢; Dp\JU8;=u,. rlence by Lemma 4.4,
either ¢/ Dp; or ¢/ Dy. But if ¢/ Dyp;, then b=¢/ Mg;Dp;>b which is impossi-
ble. Hence ¢/ Dp and ¢/ Du, which is impossible. Thus ¢;=5 and similarly
g/ =b. Hence ¢! is equal to g; and the two representations are identical. This
completes the proof of the lemma.

Lemma 4.1 and Lemma 4.6 together give Theorem 4.1.

In view of Lemma 4.6, lattices with unique irreducible decompositions
may be characterized in terms of the local properties of the lattice of ideals
as follows:

THEOREM 4.2. Let & satisfy the ascending chain condition. Then each ele-
ment of © has a unique reduced decomposition into irreducibles if and only if S
is a Birkhoff lattice in which every three ideals covering an element of © are inde-
pendent.

As a corollary to Lemma 4.6 we have

COROLLARY 4.1. Let & satisfy the ascending chain condition and let every
element of © have a unique reduced decomposition into irreducibles. Then the
number of irreductble components of a is equal to the number of ideals covering a.

COROLLARY 4.2. Let © be a Birkhoff lattice satisfying the ascending chain
condition. Then if & contains a modular, non-distributive sublattice, the lattice
of ideals of © contains a complete(®) modular, non-distributive sublattice of order

five.

For if © contains a modular, non-distributive sublattice of order five, at

(1) A sublattice ' of  is said to be complete if  >b in ' implies a>b in L.
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least one element of & does not have a unique decomposition into irreducibles.
But then there are three ideals covering a principal ideal which are dependent.
These three ideals generate a complete, modular, non-distributive sublattice
of ® of order five.

5. Unicity of the number of components. In the previous section lattices
with unique irreducible decompositions were completely characterized as
Birkhoff lattices with certain special properties. Simple examples show that
a similar characterization of lattices in which the number of components is
unique will require lattices that are considerably more general than Birkhoff
lattices. Hence we shall restrict ourselves to the characterization of Birkhoff
lattices having the number of components unique. We prove the following

theorem:

THEOREM 5.1. Let & be a Birkhoff lattice satisfying the ascending chain con-
dition. Then the number of components in the reduced decompositions of each
element into irreducibles is unique if and only if R, is modular for each a.

As in §4, the proof rests on a series of lemmas.

LEMMA 5.1. Let © be a Birkhoff lattice satisfying the ascending condition.
Then the number of components in the irreducible decompositions of a is unique
if and only if &, is archimedean, modular, and every characteristic ideal of R,
s simple.

Since the ascending chain condition holds each element of & has a decom-
position into irreducibles. Now if the number of components in the irreducible
decompositions of ¢ is unique it is certainly bounded and hence &, is archi-
medean by Theorem 3.1. Now let ¢ be a characteristic ideal of &, and let
p1, - - -, Pr be a maximal independent set of point ideals divisible by ¢. Imbed
Py, - - -, Prin a maximal independent set py, - - -, P, - - -, Pa. By Theorem 3.5
and Theorem 3.3, ¢ has an irreducible decomposition having k41 compo-
nents. But by Corollary 3.2 ¢ has a decomposition having # components.
Hence if the number of components is unique we have n=Fk-+1. But then
m\J - - - Up; is a simple ideal of €, and u,De¢Dp\J - - - Ups, uac. Hence
¢c=m\J - - - Upiand cis a simple ideal of L,.

Now let 8 be an arbitrary simple ideal of €, and let a be any ideal of £, such
that 8D a. By Theorem 3.2, a has a reduced representation a=8,/\ - - - Mg,
where 8, - - -, 8; are simple ideals of ,. If aM8a, by Theorem 3.2 there ex-
ists a simple ideal 8;;2 such that 8,2 D aN\8. Similarly if aN8MN8;,37a, there
exists a simple ideal 8;45 such that 8;,3D a/N\8M8;,2. Thus we eventually have
aﬂéf\émf\ s ﬁ€m=a. Then a=§1f\ LR f\@zﬂ@ﬂépﬂﬂ LR f\é,,, and
since each simple ideal is characteristic this decomposition gives a decomposi-
tion into irreducibles with the same number of terms. Hence if the number of
components in the irreducible decompositions of a is unique we have m=n
where 7 is the length of &,. But 1,08, D8/M&D - - D&/ - - - Mg D4
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N - NEMNBDI8N - - - MBMN8NE2 D - - - D&\ - - - MB,=a and the
ideals of this chain are distinct. Hence m =# by Lemma 3.1. Thus m =7z and
each ideal of the chain covers the ideal which immediately follows. Hence
a>aMNg. Now let a and b be any two ideals of &, such that a\Jb>b. By Theo-
rem 3.2 and ideal § exists such that 8 Db, 8Da\Ub. But then b=(a\Ub)Ns.
Hence a>aNg=aN(a\Ub)MNg=aMNb. Thus a\Ub>b implies a>aMb and B2
holds in £,. But then &, is modular by Lemma 3.2.

On the other hand let £, be archimedean, modular, and every characteris-
ticideal be simple. Let a=¢:/" - - - Mgy be a reduced decomposition into irre-
ducibles. By Theorem 3.3, a has a reduced representation a=c/M - - - Mg
where ¢; is a characteristic ideal of €,. But then c; is a simple ideal of &, by
assumption. Thus u,>a>aMe> - - - >aM - - - Me=a since B2 holds in
L, by Lemma 1.5. Hence k is simply the length of £, and every reduced decom-
position of a into irreducibles has the same number of components. This com-
pletes the proof of the lemma.

LEMMA 5.2. Let S be a Birkhoff lattice satisfying the ascending chain condi-
tion. Then if L, is modular for each a, every characteristic ideal of &, is simple.

Let every characteristic ideal of €, be simple for every proper divisor b of a.
We shall show that every characteristic ideal of &, is simple and the lemma
follows by the ascending chain condition.

If ¢ is a characteristic ideal of , which is not simple, let ¢ be an associated
irreducible. If x is any element of & divisible by ¢, let g, denote the union of
the point ideals of &, divisible by ¢. Then since ¢ is a characteristic ideal asso-
ciated with ¢ we have ¢ q. and hence q. is not a simple ideal of £,. Now sup-
pose that for every two point ideals p and p’ such that q,Dp, p’ we have
6.\ Ip=q,Ip’. Then u,=q.,\Ju,=q,\JIp>q, and q, is simple contrary to as-
sumption. Hence there are two point ideals p and p’ such that q,Dp, q.Dp’,
and q.\Up#q.Up". Now ¢gM(q.\UpUp’) =(gMua) N (q.\Ip\Up") = q.\J (¢MNut,
N(PUp")) = q.J(gN(pUp’)) since &, is modular. If gMN(p\Up’) #£a, we have
gN(pUp") Dpi>a. If p’=p;, we have ¢Dp’ and hence q,Dp’ contrary to hy-
pothesis. Thus p1#p and p7p’. Now pUp’'DpUpiDp and p\Up;#p. Hence
pUp’ =pUp; by the Birkhoff condition. Since ¢ Dp; we have ¢, Dp; and hence
0.\IpDOp\UpDyp’. But then q.\JUp=q,\Ip’ which contradicts the definition of
p and p’. Thus ¢gN\(p\Up’) =a and ¢MN(q.\Ip\Ip’) =qs,.

Now suppose that g, is not principal. Let X be the set of all elements x
such that ¢DxDqq, g#x. If xEX, let p.=gMN(xUpUp’). Clearly X generates
0.. We shall show

(1) There exists an x0& X such that x\JUp\Up’ >p,>x for all xE X, x¢Dx.

(2) The set of ideals p,, x €X, x¢Dx, generates (,.

(1) Since ¢.\UpDPp’ and X generates q,, there exists an element xo&EX
such that xo\UpDyp’. Let xoDx, xEX and suppose that x=p,. Since x is a
proper divisor of @ we have u,>q,. By the Birkhoff condition x\Up>zx,
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x\Up’ >x and hence x\Up, x\Up’ belong to €,. Now g, Dx\Jp\Up’ since other-
wise ¢ Dp. Hence by the modularity of 2, we have x\UpUp’ > q.N(xUp\Up’).
Then x\UpUp' DgNM (x\UpUp’) Da.N(x\UpUp’) and gNM (x\Ip\Up’) =xUpUp’.
Thus x =p,=¢gN(xUpUp’) =q.N(x\Ip\Up’) and hence x\UpUp’ >x. But then
xUpUp' Dx\UpDx and if x=xUp we have ¢ Dp which is impossible. Thus
xUp=xUpUp’ Dy’ and x,\UpDxUpDp’ contrary to the definition of x,.
Hence x#p.. Let p, DpJ >x. Clearly x\UpUp’ Dx\JUpUp., Dx\Up and x\Jp\Up’
>x\Up by the Birkhoff condition. If x\Up\Up,; =x\Jp we have x\UpDp, and
x=¢MN\(x\Up)Dp,; which contradicts p; >x. Hence x\Up\Up'=xUp\Up,. But
then x\Up\Up, Dp.Dps and x\UpUp, >p/. If x\UpUp, =p,, then ¢ Dx\Jp\Up’
which is impossible. Hence p,=p,; and x\Up\Up’ >p,>x.

(2) Clearly p.Dq. for every x since p.DxDq.. Now let a;Eq.. Then
a1 0.=gM(q.\Ip\Up’) and hence a; DgM(a.\Ip\Jp’) where a:E q. by Theo-
rem 2.2. Let x=x¢MNas. Then xEX and a: DgN(x\IpUp’) =p,. Hence each
element of q, divides some P, and thus the ideals p, generate q,.

Now let y be an arbitrary element of q,\Jp. Then yDq, and hence yDp,
where x,Dx by (2). But then by (1) x\Up\Up’ >p,>x and p, Py since other-
wise ¢Op. Now x\UpUp’' Dp.\UpDyp, and p,\Ip=p,. Hence x\JpUp'=p,Up
which gives p,\UpDyp’. Thus y\Up Dy’ for every y and hence q,\IpDyp’. The
assumption that g, is #of principal has thus led to a contradiction and we con-
clude that g, is principal, say q.=(a1). Since a; is a proper divisor of a, by hy-
pothesis we have 1,, > q,,. Hence q4,\J(a:\Ip\Up’) > q,,. But q.,N(a\IpUp’)
=qgMN\(a:\JpUp’) =a; and a,\Ip\Up’}a,. Hence &,, is non-modular contrary
to assumption. Thus g, is simple and hence ¢ is a simple ideal of ..

LEMMA 5.3. Let © be a Birkhoff lattice satisfying the ascending chain condi-
tion. Then if R, is modular for every a, R is archimedean.

Forleta=q¢/M - - - Mg. be a reduced decomposition of a into irreducibles.
Then e has the reduced representation a=c1/M - - - Mci where ¢; is a charac-
teristic ideal associated with ¢;. By Lemma 5.2, ¢; is a simple ideal of &,. Hence
since €, is modular we have u,>a>aMNe> - - >aM - - - MNeg=a. Thus L,
is archimedean of length k.

Lemmas 5.1-5.3 together give Theorem S5.1.

COROLLARY 5.1. Let © be a Birkhoff lattice satisfying the ascending chain
condition. Let the number of components in the reduced decompositions of an
element a be unique. Then in any two reduced decompositions of a, each compo-
nent of one decomposition may be replaced by a suitably chosen component of the
other.

For by Lemma 5.1, the two decompositions give two reduced representa-
tions of @ as a cross-cut of simple ideals of &,. However, since £, is modular,
B2 is satisfied and the replacement property follows from the dual of Lemma
1.3.
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COROLLARY 5.2. Let © be a Birkhoff lattice satisfying the ascending chain
condition. Then if the number of components in the decompositions of an element a
is unique, that number is simply the length of L.

COROLLARY 5.3. Let © be a complemented Birkhoff lattice in which every
element can be expressed as a cross-cut of a finite number of irreducibles. Then
the number of components in the reduced decompositions of the null element z is
unique if and only if S is a complemented modular lattice of finite dimensions.

For since @ is complemented, ¥, is simply &, the lattice of ideals.

6. The Mac Lane exchange axiom. In order to free condition B1 of the
covering properties, Mac Lane (Mac Lane [1]) formulated the following
axiom.

Es. If aDbDaMc and c#aMc, then there exists an element ¢;#a/M\¢ such
that ¢ Dc1DaMe and b=aN(b\Ucy).

Mac Lane showed that E; is equivalent to a transposition property of
chains and in case covering elements exist, that is, if 6Da, b>a, implies b’
exists such that 82b’ >a, it reduces to B1. Thus both E; and the requirement
that each element satisfy the Birkhoff condition in the lattice of ideals are
generalizations of B1. We shall be particularly interested in the conditions
under which they are equivalent.

THEOREM 6.1. Every Birkhoff lattice satisfies Es.

Proof. Let aDbdDaMc and calMc. Then by Theorem 2.1 and ideal p
exists such that ¢Dp>aMb. Now bDp since otherwise aM\¢Dp which is im-
possible. Hence 5\Up >b by the Birkhoff condition. But then 8\UpDaM\(5\Up)
Db and if dUp=aMN(b\Up) we have aDp which is impossible. Hence
b=aM(b\Up). Thus by Theorem 2.2 an element pEp exists such that
b=aM(®\Jp). Let cx=cMNp. Then ¢DeciDp>aMNc and hence ¢ D DaMNe,
a#aMc. Also b=aMN(b\Jp) DaM(b\Jc1) Db. Thus b=aM(dJc;) and ¢, satis-
fies the requirements of E;.

THEOREM 6.2. Let © satisfy Es and have the property that each element is
covered by only a finite number of covering ideals. Then & is a Birkhoff lattice.

Proof. Let aDa, p>a and aDyp. Let p, py, - - -, p, be the finite number of
ideals covering a. Now if pUa}>a, we have pUaDcDa, pJazc>=a. Since
pOpNc¢Da and ¢Pp we have pc=a and hence by Theorem 2.2 elements
p'Ep and cE¢ exist such that p’MNc=a. Since c¢#*aq, there exists an element
b’Ea such that d’Pc. Let b=cN\b’. Then dDc¢ and ¢DbDcNp’. Now

since pPp; (i=1, - - -, n) elements p/ exist such that p!/ Ep and p! Dy;
(t=1,---, n). Set p=p'Np{N\ ---Np,.. Then pEyp, p'Dp and pPy:
(@=1, .- -,n).Clearly a=cN\p’ DcNpDa implies c\p =a. Hence c Db DcNp

and p#cMNp. Thus by E; an element p, exists such that p;#a, p D p1Da and
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b=cN\(d\Upy). Now p1Dp’>a and p’#p; (i=1,---, n) since otherwise
» D p1Dpi contrary to the definition of p. Hence p’=p. But then b =cN\(6\Up,)
DeMN(a\Up) D¢ which contradicts P c. Hence p\Ja>a and & is a Birkhoff
lattice.

Now by Lemma 4.6, if @ is a Birkhoff lattice in which the ascending chain
condition holds and every three ideals covering a principal ideal generate a
Boolean algebra, then each @ is covered by only a finite number of ideals.
However, Theorem 6.2 does not enable us to replace the Birkhoff condition
in the lemma by E; since the proof of the finiteness required the Birkhoff
condition. To carry out this replacement we first replace the condition that
every three ideals covering a principal ideal generate a Boolean algebra by
an equivalent condition.

THEOREM 6.3. Let © be a Birkhoff lattice satisfying the ascending chain con-
dition. Then every three ideals covering a principal ideal generate a Boolean alge-
bra if and only if a\JbD q>aMb implies aDqor bDq.

Proof. Let every three ideals covering a principal ideal generate a Boolean
algebra and suppose that a\UbDq>aMb but aDq, 5P gq. Then a, b=aNb.
For if a=aMb, then b=a\UbDq contrary to assumption. Now with b fixed
let @ be maximal such that a\UbDq>aMb and aDgq, bDq for some q. Let
bDp>aNb. Suppose a=pJaDq. Then a\Ub=aUp\Ub=0aUbDq and aMb
DaMb. Now a#a since otherwise a Dp and aMbdDp>aMNb which is impossi-
ble. Let a! be an element of a such that a{ Dg. Now ¢\UbDbDp and hence
a\JbDp\Ja=a. Thus a;1=(a¢\Ib)Na! Da and a\UdbDa;. But a\UbDa;\JbDa
Ub. Hence a,\Jb=a\UbDq. Also a; D q since otherwise af D q. Now ¢ (a:N\b)
MgDaMb and g (a1MN\b)MNq since otherwise 6 q. Hence q>aMb=(a:MN\b)
Mq. By the Birkhoff condition we have q;=q\J(a1"N\d) >a1M\b. Since a,\JbDq
we have a;\UbD q1>a1Nb. Clearly a1 D qy, 5P a1, and a;7a. This contradicts
the maximal property of a. Hence we have p\UaDaq.

Now let a Dp1>aMb. p17 q since otherwise ¢ D q and py7p since otherwise
aMNbDp>aNb. Hence p,\UpD q since every three ideals covering a/Mb gen-
erate a Boolean algebra. Thus p;\UpD q for some p;Ep;. Set x=p;Na. Then
aDxDaNb and x%aMb, x\JpDq. Let a; be a maximal such x. Then as#a
since a\UpDq. Hence a Dy, >a; for some ideal p;. Then if p,\UpD q we have
p:\JpD q for some pEp.. Let af =aMps. Then aDad DaNb, af #aMb and
af\UpDq contrary to the maximal property of a;. Hence p,\UpDgq. Let
q2=a2\Jq and ps=a,\Jp. We have a; Dy since aDp and hence ps, qs, ps >as by
the Birkhoff condition. Clearly p.\Ups=p\Ja\JpDa.\Jqg=q.. Now pa7#~qs
since otherwise a Dq. Also gs:5p; since otherwise a;\Up D q contrary to the
definition of a,. Finally pyp; since aPyp. Thus ps, g, s do not generate a
Boolean algebra, which contradicts our hypothesis. Hence either a Dqor Dq.

On the other hand if three ideals a, b, ¢ covering d do not generate a
Boolean algebra, then a\UbD¢ say. Since d=aMb, elements a€a and bED
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exist such that d=aMb. Hence a\UbDaUbDc>aNb=d. If aDc, then
aDaUcDb and d =aMbDb which is impossible. Hence aD ¢ and D ¢. Thus
a\UbDc>aNb but aDc and bDc. This completes the proof of the theorem.

We show now that if the ascending chain condition holds and the condi-
tion of Theorem 6.3 is satisfied, then E; is equivalent to the Birkhoff condi-
tion. A preliminary lemma is required.

LEMMA 6.1. & is a Birkhoff lattice if and only if bDa, bDp>a implies
p\Jb>b.

The necessity of the condition is obvious. To prove the sufficiency let b>a,
¢Da and ¢Db. If BUck ¢ we have B\UcDd D¢ where b\Uc##d5~c. Since dDb
an element dEd exists such that dDb. Since d D¢ and ¢Db there exists an
element ¢Ec¢ such that d D¢ and ¢Dbd. Now ¢Da, cDb>a. Hence c\Ub>c.
But ¢c\UbDdN(c\Ub) Dc and c\Jb#=dN\(c\Jb) since dDb. Thus c=dN(c\Ub)
DM (c\Jb) =bd which contradicts ¢P d. Hence b\Uc>¢ and & is a Birkhoff
lattice.

THEOREM 6.4. Let © satisfy Es, the ascending chain condition, and let
a\JbDaq>aMbimply aDqor bDq. Then & is a Birkhoff lattice.

Proof. Let X be the set of all elements x such that yDx, p>x, y Dy, and
pUy >y for some y and p. If & is not a Birkhoff lattice, then X is non-empty
by Lemma 6.1. Let @ be a maximal element of X. Then b and p exist such that
bDa, bDp>a and B\UpDe>b, bUps=~c. Now pDpN\cDa and p#pM\¢ since
otherwise 8\Up=c. Hence pM\c=a. Let pEp, cEc such that pMc=a. Then
pNec=pNb=a and c#b. Hence by E; an element p, exists such that pDp1Da,
pr#a and b=cN\(B\Up1). Now b\Up,Dc since otherwise b=cN(B\Jp1) D¢
which contradicts ¢ >b. Now suppose that we have found ¢4, - - -, pi such that
UPUpP - - - UpPeand U - - - Up)Npiyi=a (=1, - -, k—1).
Since bUp,\Up\J - - - UprDe we have d\Up\U - - - Up,Dp and hence
BIPI - - - Upr)Np=a. Thus p/.1Ep exists such that (B\Ip,\J - - - Upy)
Npia=a. Let pyy=piaNp. Then BUp\ - - - Up)Npryy=a and cN\pesy
=bN\pih1=a, piy17#a. Hence by E; an element pii1 exists such that
Pri1 DPr1Da, pra#a and b=cN(b\Jpii1). Then b\UprD ¢ since otherwise
b=cN\(B\Ipri1) Dc. Now ¢ DeN((BIpJ - - - Up )N (B\Jpr11)) Db and ¢
(U - - - Upr) N (B\Upri1)) since otherwise b\Upr DI p\J - - -
Up)N(B\Upr1) De. Hence since ¢>b we have ¢>cN\((0Up\J - - - Upy)
NG\ Jpry1)) =b. But now since b is a proper divisor of a, by the maximal
property of a we must have ¢J((O\Up,\J - - - Up )N (B\Upry)) > (0\Upy
U - - Up)NV(B\Jpry1). Now suppose that 8\Jp,\J - - - UpriDe. Then
OUIP - - - Up)\J (O pi) DI ((BIp1 - - - Upi) N (B pinr)) > (I pr
U - - Upe)N(B\Jpry). Hence by hypothesis either 8Up,\J - - - UpiDe¢ or
b\Upri1 D¢ both of which are impossible. Thus 8\Jp,\J - - - UpiPec. By in-
duction we get an infinite chain bCbo\JIp,Co\Ip,\Ip,C - - - Co\Ip\J - - -
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Up:C - -+ and bUp\J - - - Up;=bUpJ - - - Upyyy since (B\Ip\J - - -
Up:;)Mpiya=a. This chain contradicts the ascending chain condition and
hence & is a Birkhoff lattice.

The condition a\UbD q>aMb implies a D q or b2 g, may be given a purely
combinatorial statement as follows:

THEOREM 6.5. a\UbD q>aMb implies a D q or bDq if and only if
(A) a\JbDxDaMb, aNx=b\x=aMNb implies x =aMb.

Proof. Let a\UbDxDaMb, aNx=bNx=aMb. If x=£aMb, let xDq>aMb.
Then a\UbDq>aMb and hence ¢Dq say. But then aNb=aNxDqg>aMNb
which is impossible. Hence x =aMb.

On the other hand, let a\UbDq>aMb. If aDq and bDq we have aMNgq
=bMNq=aMb. Hence for some x € q we have aNx=bN\x=aMNb and a\UdDx
by Theorem 2.2. But then ¢\UbDxDaMb, aNx=bN\x=aMb and x=aMb
which contradicts condition A.

Lemma 4.6 with Theorems 6.1-6.5 give

THEOREM 6.6. Let © satisfy the ascending chain condition. Then every ele-
ment of © is uniquely expressible as a reduced cross-cut of irreducibles if and
only if conditions Es and A are satisfied.

Theorem 6.6 has the following interesting corollary:

COROLLARY 6.1. Let © satisfy the ascending chain condition and let each
element of © have a unique reduced decomposition into irreducibles. Then a sub-
lattice @' of © has unique irreducible decompositions if and only if Es holds
in&’.

Axiom A is clearly a slightly stronger form of the requirement that every
modular sublattice be distributive. In D1 it was shown that under the as-
sumption of both the ascending and descending chain conditions, this weaker
condition and B1 were necessary and sufficient for unique decomposition into
irreducibles. But A cannot be replaced by the requirement that every modular
sublattice be distributive in Theorem 6.6 as the example of Figure 1 shows.

The non-principal ideals of & are the ideals d, generated by a4, a2, as, - - - ;
b, generated by by, by, b3, - - - ;and ¢, generated by ¢y, ¢, ¢3, - - - . Clearly a >3,
b>b,and ¢>z. Now b\Uaz, =d,>az, and b\Jag,1=>b3,41>0as.41. Hence b\Ja;
>a;. Similarly 8\Jc¢;>c¢;. Now let x be any element of & not equal to b or 2.
Then b;/x is an archimedean lattice and B1 is readily verified in 4;/x since
each element has at most two covering elements. Thus we have only to verify
the Birkhoff condition for non-principal ideals. Clearly b>a, b, ¢>2. Hence
aJb>b, a; aUc>aq, ¢; 8\Jc>b, ¢. aUcn=e,>C2, and a\Ucanp1="Dbani2 > Contr.
Hence a\Uc;>c¢;. Similarly ¢Ua;>a;. Thus every element of & satisfies the
Birkhoff condition in the lattice of ideals and hence & is a Birkhoff lattice.
By Theorem 6.1, E; holds in &. Now if & contains a modular, non-distribu-
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tive sublattice it also contains one of the form {u, v, W, X, y} where v\Uw
=wUx=9vUx=u and sNw=wNx =9 \x=y. Since every element not equal
to b or z is covered by at most two elements we must have y=z. But then
v=a;, w=>b, x=c¢; and Y Jw=a;Ub=bJc;=w\Ux which contradicts v*\Uw

'od}
"’z
C,
3
4, .
“ 5
, G
“ 5
a,4 " G
< dy .
c
Fic. 1

=xUw. Hence every modular sublattice of & is distributive. However & does
not have unique irreducible decompositions since z=a,MN\b=>bM¢; =a1MN\¢; and
a1, b, ¢ are irreducibles of &. Axiom A does not hold since a;\Jc;DbDa:MNc;
and a:N\b=c;Nb=a;MNc; but b=a;N\c;=z.

Since a, b, ¢ generate a modular lattice, £, is modular for every x. Hence
by Theorem 5.1, the number of components in the reduced decompositions
of each element must be unique. This can be readily verified.

. According to Theorem 6.2, if every element of a lattice & is covered by
only a finite number of ideals, then E; implies that & is a Birkhoff lattice.
We prove now an even stronger theorem, namely, under this restriction E; im-
plies that B1 holds in the lattice of ideals. We begin with necessary lemmas.

LeEMMA 6.2. B1 holds in the lattice of ideals of & if and only if a>xMa im-
plies x\Ja>x for every a ER and xES.

For if B1 holds in &, then clearly a>xMa implies x\Ja>x. Now let
a>xMa imply a\Ux >x for each a and x. Suppose that B1 does not hold in £.
Then ideals a and b exist such that a>aMNb but a\UbDc¢Db, a\Ubx=c=b. Let
2106, x1Da. Such an x, always exists since bD a. Also since bD¢, an element
%, exists such that x: Db, x, D ¢. Finally since 6\UcDa there is an element x;
such that 2305, xs\UcDa. Let x =x"\x:MNx3. Then D6, xDa, and xJcDa.
Now aDaNxDaMNb and a=aMNx. Hence aNx=aMNb and thus a>aMNx. By
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hypothesis then x\Ja>x. Nowx\UaDcUxDxand ¢\ JUx#x. Hence x\Ja=cUx
which implies x\Jc¢Da contrary to the definition of x. Hence B1 holds in £.

LeEMMA 6.3. Let & be a Birkhoff lattice. Then if a>xMa and x\Jabx,
each xMa, aEa is covered by an infinite number of ideals.

For let a>xMa and x\Ja}x. Then clearly aMNxs£a for every a Ea since
otherwise x DaDa and a}*xMNa. Hence aDp,>aMNx for some ideal p, by
Theorem 2.1. Let S, denote the set of all ideals p.. Now x D p,, since otherwise
aNxDp,>aNx which is impossible. Thus p, DxMp, DaMNx and P, =xMP,.
Hence xN\p,=aMNx and p, >xMp, where xM\p, is a principal ideal of {. Since
& is a Birkhoff lattice we have x\Up, > x for every p,.

Now in S, we set p,~p, if and only if x\Up,=xUp, . Then ~ is an equiva-
lence relation which separates S, into mutually exclusive sets of ideals. Let B,
denote an arbitrary equivalence class and let b,=2(B,). If p,EB,, then
x\Up, =xUp, for every other ideal p/ of B, and hence x\Up,=x\Jb,. Thus
x\Ub,>«. Let T, denote the set of ideals b,. Now if ¢ Da;Da and b, ET,,, let
Ba; DPe, >xMar. Then po, D (xMNa)MNpe, DxMNar and pa,# (xMa)MNp,, since
otherwise xDxMaDyp,, which contradicts xDp,,. Hence p.,>(xMa)MNpa,
=xMa; and (xMNa)Up,, >xMNa by the Birkhoff condition. Also aDalJay
D(xMNa)\Jp,,>xMNa and hence p,=(xMNa)\Jyp,, belongs to S.. Now xUp,
=x\U(xNa)Up,, =x\Up,,. Let by, Dps >xMNa;. Then x\Upl =xUp, where
pd =(xMNa)Vyp,. Thus x\Jp,=xUp, =xUp, =xUp/ and p.~p/ in S..
Hence b,,Cb, where b, is an ideal of T,. Now suppose that T, contains a
second ideal b,, which is divisible by b.. Let by Dy, >xMNa;. Then
2\Upa, =2Up, =2\J b, D\ U b, Dx\Up,, Dx. Since x\Up, #x, we have x\Up,,
=x\Uyp, and ps,~Y, in S, contrary to assumption. Hence b, is the only
ideal of T, divisible by b,. Next suppose that T, contains another ideal b/
such that b/ Db,,. Then x\Jb, Dx\Ub,, =x\Ub, and hence b,=b,. We thus
conclude that each ideal b,, of T, is divisible by exactly one ideal b, of T. and
Do, s the only ideal of T, which is divisible by Ba.

Let 7, denote the cardinal number of the set T,. If xMa is covered by
only a finite number of ideals for some a, then #, is finite for some ¢ and hence
has a minimal value for some a,. If 2y DaDa, then n, < n,, since distinct ideals
of T, are divisible by distinct ideals of T,,. But since #,, is minimal we have
n,=n,, Hence each ideal of T,, divides exactly one ideal of T,. Let b, be an
ideal of T,, and let b, denote the ideal of T, divisible by bo. In general, for
any a€a, let b, be the ideal of T, divisible by x\Jb,. Such an ideal b, always
exists since byDb, where b/ ET.n., and hence b,&ET, exists such that
b.Db/. Clearly x\JUby=x\Jb; =x\Jb, Db, and b, is unique as shown above.
If aDa’, we have 5,Db, since x\Jb,=xUb,.. Hence boMbs, M\ - - - Mb,,
D balnazn LR § P

Now let a; =] ] €4(ba). Since aDb.Day, we have aDayDxNa. If ay=xMNay
then xMa divides the cross-cut of a finite number of the ideals b, and hence
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xMaD b, for some a’. But then (xMa)MNa’ Dba:Mbgr Dbar Dbanar DxM(aMa’)
and byn.r =xM(aMNa’) contrary to the definition of b,q.-. Thus a;>xMNa and
hence a=q; since a>xMa. But then x\UbyDxUa; Dx\JaDx. Since x\Jbo>x
and xDa we have x\Ua=xUby>x which contradicts x\Ja}x. Hence each

‘o
)
Fic. 2

xMa is covered by an infinite number of ideals. The proof is thus complete.
Lemmas 6.2 and 6.3 and Theorem 6.2 give immediately

THEOREM 6.7. Let each element of & be covered by at most a finite number of
ideals. Then the following conditions are equivalent:

(1) Es kolds in ©.

(2) & is a Birkhoff lattice.

(3) B1 holds in the lattice of ideals.

If & is a Birkhoff lattice in which each element is not covered by at most
a finite number of ideals, then even though the ascending chain condition
holds in © B1 need not be satisfied in the lattice of ideals. For example, con-
sider the lattice diagramed in Figure 2.

All of the elements distinct from z form an ideal a which is generated by
ay, Gz, @, - - - . by, bg, by, - - - clearly form an ideal b which divides a. Now let
bDcDa, bs~c. Let yEc, y&b. Then there exists a b; such that b:;>xDy, x&b.
But by the method of construction there exists an integer j such that
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xMbr=ay all k=j. Hence aDxMNbDyNbDecNb=c. Thus ¢=a and b6>a.
Clearly bMa;=a and b\Ua; =5b;. But then b>a;MN\b and a;\Jb}a;. Hence Bl
does not hold in 8. On the other hand it is readily verified that & is a Birkhoff
lattice since a is the only non-principal ideal which covers a principal ideal
and every element distinct from z divides a.

The number of ideals covering an element of a lattice is closely related to
the number of decompositions of the element into irreducibles. We prove

THEOREM 6.8. Let © be a Birkhoff lattice in which each element can be repre-
sented as a cross-cut of irreductbles. Then if an element a has a finite number of
decompositions into irreducibles, &, is finite.

Proof. Since @ has only a finite number of decompositions into irreduci-
bles, the number of components in the irreducible decompositions of a is

bounded. Hence &, is archimedean by Theorem 3.1. Letpy, - - -, bx be a maximal
independent set of point ideals of €. Let 8;=p,\J - - - Up,,\Upin\J - - - Up,
and suppose that &, has an infinite sequence 8;, - - -, 8, 8441, - - - of simple

ideals. Now if for each ¢ there are only a finite number of simple ideals of the
sequence which do not divide p;, we have 8, Dp; for all n=1; for some I;. Let
nZzmax (I, - - -, 1;). Then 8,Dp;, i=1, - - - , k, and 8, Du,, which is impossi-
ble. Hence for some p;, say pi, there are an infinity of ideals in the sequence
81, 82, - - - which do not divide p;. We may assume that 8, 8z41, - - - do not
divide pi. Let ¢:D8;, ¢:Du.. Then g:gq; i7j, since otherwise ¢;=q.\Jgq;
D8:U8; Dite. Now a=p;MN\8sr:1=81MN - - - MB}_1MN8s4: (!=0,1,2,--:) im-
plies a=qM\gM - - - Nge1Mgry: (=0, 1, 2, - - - ) by Theorem 3.3. If this
representation is reduced for each I, giy; always remains since otherwise
a=qM - - - MNgr19s Hence ¢ has an infinite number of irreducible decom-
positions, which contradicts our hypothesis. Thus &, has only a finite number
of simple ideals. But by Theorem 3.2 every ideal of £, can be expressed as a
cross-cut of simple ideals. Hence &, is finite.
Theorems 6.7 and 6.8 give

THEOREM 6.9. Let & be a lattice in which every element has at least one and
at most a finite number of decompositions into irreducibles. Then & is a Birkhoff
lattice if and only if Bl is satisfied in the lattice of ideals(1Y).

7. Example of a Birkhoff lattice. In §3 we have shown that the existence
of a decomposition into irreducibles for an element a of a modular lattice im-
plies that g, is archimedean. Hence if the ascending chain condition holds,

(1) Various considerations suggest that the finiteness of the number of irreducible decom-
positions of an element always implies the finiteness of the number of ideals covering the ele-
ment, in which case E; and the finiteness of the number of decompositions would imply that
& is a Birkhoff lattice. However, I have been unable to prove this. I have also been unable to
prove that E; is equivalent to the Birkhoff condition under the assumption of the ascending
chain condition although this seems quite likely.
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L. is archimedean for each a. Also if the ascending chain condition holds in a
Birkhoff lattice and the number of components is bounded for an element a,
then &, is archimedean. We shall construct in this section a Birkhoff lattice
satisfying the ascending chain condition but containing an element a such
that €, is not archimedean. By the above remark the number of components
in the irreducible decompositions of ¢ must be unbounded.

Latin capitals 4, B, C, - - - will denote finite subsets of the set of positive
integers 1, 2, 3, - - - . If 4 is such a set, let #(4) denote the number of ele-
ments in 4. Small Latin letters a, b, ¢, - - - will denote positive integers. A\UB
and AN B will denote set-theoretic union and cross-cut respectively and a\Jb,
aMb are respectively the maximum and minimum of ¢ and b. Let & be the
set of all ordered couples a= {4, a} where n(4) <a together with the ele-
ments % and z. In © we define

aUB={AUB,aUb} if n(4\UB)<alUp,
= u if w(4\UB)zalUb,

aNB={4NB,aNbd} if AN Bis not null,
=2 if AN Bis null,

aUzg=aNu=a, aJu=u aMNz=2z

If ANB exists, then n(ANB) =n(4) <a=<aMb. Hence aMNPisin & if a
and B are in ©. Now it can be readily verified that the union and cross-cut
so defined in & are idempotent, commutative and associative. Consider
aN(@\JB). If a\UB=u, then aN(a\UB)=a. If a\JB#u, then aMN(a\UpB)
={AN(AUB), aN(a\Ub)} ={4,a} =a. Hence aN(a\JB)=a in all cases.
Similarly a\J(aMB) =a. Hence & is a lattice under the union and cross-cut
operations defined above. Clearly oD if and only if A DB and ¢ <b.

& satisfies the ascending chain condition. For let a1 CasCo3C - - - be an
infinite ascending chain. We may assume that a;#2 so that ay = {Al, a } . But
then 41CA4,CA:C - -+ and a1=2a:=a3= - - - . Now #n(4;:) <a:;=a:. Hence
the chain 4,CA4,C - - - has only a finite number of distinct sets. Clearly the
chain @1 =a,= - - - has only a finite number of distinct members. Thus the
chain eyCa,C - - - has only a finite number of distinct members.

Now let a be an ideal of ©€ with elements 8, v, 6, - - - . Then the set of
integers is either bounded or unbounded. If bounded, let a be the largest
of them. Now suppose that BNCNDNM - - - is null. Then there exist a
finite number of them B, C, - - -, L whose cross-cut is null. But then a
contains z since a is closed with respect to finite cross-cut. Hence a=& in
this case. If BNCNDN - - - is not null, let A=BNCNDN - --. Then
A=BNCN - - - NL for a finite number of the sets and hence a’= {4, a’}
and o'’ = {A', a} are in a. But then a contains a=a’'MNa’’ = {A, a} and D«
for every &€ a. Hence if the integers of the ideal are bounded, a is a principal
ideal. If the integers of the ideal are unbounded, then as before either a=&
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or there exists a set 4 such that {4, a} is in a for each positive integer a and
BD{4,a} for some a if B a. Hence the ideals of & have the form a= {4, « }
if a is not principal. « denotes the ideal of all positive integers. Clearly if
a and b are positive integers or «

aNb={4NB,aNb} if 4N Bis not null,
3z if A M B is null,

aUb={4UB,aUb} if n(4\U B) <a\Ub,
u if w(4\UB)=a\Ub.

THEOREM 7.1. & is a Birkhoff lattice.

Proof. We shall show that B1 holds in the lattice of ideals. Let a>aMb,
If aMb=z, then ANB is null. Since a >z we have a= {(a), o } But then
aUb={(a)UB, «\Ub}={(a)UB, b} and (a)\UB>B. Thus a\Jb>b. If
aNbsz, then {4,a}>{ANB,aNb} and hence either 4 >ANB, a=aNbor
A=ANB, a=(aMb)—1. In the first case A >ANB—AJB>B and a=aMb
implies b=a\Ub. Hence aUb= {A\UB, ¢\Ub} ={AUB, b} >{B, b}=b. If
n(A\UB) =b, then n(B)=b—1 and hence » > B. In the second case 4 =4ANB
—A\UB=B and a>aNb—a=>b—1. Hence a\Ub= {B, a} >b. Thus a>aNb
implies a\Ub> b and B1 holds in the lattice of ideals of &.

The point ideals of €, are clearly the ideals p; = { (z), » }. Now p,\Up,\J - - -
=u and hence £, =%. The ascending chain p;Cp;\Ip.Cp:UpUpsC - - - has
distinct members and &, is thus 7ot archimedean. The point ideals py, b, - - -
are not independent since the union of any infinite set is #. However, every
finite set of the p; is independent and thus generates a Boolean algebra. &, is
not complemented. For if p,\Ja=u, then a=# and aDyp;. The simple ideals
of €, are the elements of the form {A, a} where n(4) =a —1. Clearly p; cannot
be represented as a cross-cut of simple ideals. Hence it is #ot true that every
ideal of €, may be represented as a cross-cut of simple ideals. The irreducibles
of & are the simple elements of &,, namely, those elements {A, a} with
n(A)=a—1.NowletA;betheset {1,2, - - -,i—1,i+1, - - -, b} (i=1, - - -, k).
Then o;= {A,-, k} is simple for each 7 and z=ao1MNaM - - - Nay since
AiNAsN - - - NAyis null. This representation of z is clearly reduced. Hence
for any positive integer #>1, 2z has a reduced decomposition with k compo-
nents.

This example clearly indicates the complications that may arise if &, is not
archimedean even though the ascending chain condition holds in &.

8. Example of a lattice satisfying E; which is not a Birkhoff lattice. Let S
be the set of elements py, pa, 3, - - - . From the set of all subsets of .S omit
those infinite sets which contain either p; or p; but not both. Denote this
set of subsets by &. & is clearly closed under infinite cross-cut. Since &€ con-
tains a unit element, the union of any set of sets of © may be defined in terms
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of the cross-cut operation. & is thus a continuous lattice in which every ele-
ment is a union of points. Now consider 4\Up where AES and p is any
element of S. If 4 is finite, then clearly 4\Up=A4 +p where + indicates set-
theoretic union. Also if 4 is infinite and contains both p; and p,, AAJp=A4 +p.
Now if 4 is infinite and does not contain p; or ps, then AUp=A+p if
p#Ep1, prand AUp=A+p1+psif p=p,or p=p,. Nowlet A+p1+p:DBDA.
If B#A4, then B contains p; or p, and hence contains both p; and p. by the
definition of &. Thus B=A4+4p;4p.. Hence in every case A\Up >4 if pEA4.

Now let ADBDANC and C#ANC where A, B, C are in &. Since every
element of & is a union of points and C>#A4NC, there exists a point p such
that CDp, ANCD p. Set C;=(ANC)UIp. Then COC:DANCand C:#ANC.
Now BUpDAN(BUC)) DB and BUp#AN(B\JC,) since otherwise 4 DB
UpDp and ANCDp which contradicts ANCDPp. Since BUp>B we thus
have B=AN(B\U() and hence E; holds in &.

In & let a be the ideal generated by the sets 4A;= {pk, Pryry -t }
(k=3, 4, 5,---). Then by Theorem 2.1, there exists a point ideal psuch
that aDp>z. Every set of & occurring in p contains an infinite number of ele-
ments. For suppose that Q€p and Q contains only a finite number of ele-
ments. Let % be the largest subscript occurring among the elements of Q. Then
z2=QMNA ;1 DpN\aDyp which contradicts p>z. If QEp, then Q\Up1 D2 by the
definition of &. Hence p\Up; D p1\Jp: D p1 where p\Up1 = p1\Jps and p1\Jpa # p1.
Thus p\Up:$ p; and hence & is not a Birkhoff lattice. If ADB and 4 #B,
let ADp, BDp. Then A DBy >B where By=B\Up. Thus & is an example of a
continuous point lattice in which covering elements exist and Es holds, but
which is not a Birkhoff lattice. Whether or not an exchange lattice, i.e., a con-
tinuous point lattice satisfying Es and a finite dependence axiom (Mac Lane
[1]) is a Birkhoff lattice is an open question.
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